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Preface
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other. The first part, Chapters 2 and 3, is on algebraic properties and roots of
adjoint polynomials. The second part, Chapters 4, 5 and 6, studies mainly the
chromaticity of some classes of graphs, that is dense graphs, complete mul-
tipartite graphs and general multipartite graphs. Some results of this thesis
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Chapter 1

Introduction

For the purpose of tackling the four-color problem, Birkhoff in 1912 [2] in-
troduced the chromatic polynomial of a map M, denoted by P(M, \), which
is the number of proper A-colorings of a map M. If one could prove that
P(M,4) > 0 for all maps M, then this would give a positive answer to the
four-color problem. Later, Birkhoff and Lewis [3] obtained some results con-
cerning the distribution of real roots of chromatic polynomials of planar graphs
and conjectured that these polynomials have no real roots greater than or equal
to four. The conjecture remains open.

In 1932, Whitney [76] generalized the notion of a chromatic polynomial to
that of an arbitrary graph and gave many fundamental results for its chromatic
polynomial. In 1968, Read [65] asked whether it is possible to find a set
of necessary and sufficient algebraic conditions for a polynomial to be the
chromatic polynomial of some graph. In particular, Read asked for a necessary
and sufficient condition for two graphs to be chromatically equivalent; that is,
to have the same chromatic polynomial.

In 1978, Chao and Whitehead [8] defined a graph to be chromatically
unique if no other graphs share its chromatic polynomial. They gave several
families of chromatically unique graphs [9, 10, 11]. Since then many researchers
have been studying chromatic uniqueness and chromatic equivalence of graphs.
Various families and results on chromatic uniqueness and chromatic equiva-
lence of graphs have been obtained successively. The question on chromatic

equivalence and uniqueness is called the chromaticity problem of graphs. Very
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2 Chapter 1

recently, Dong, Koh and Teo finished a monograph on chromatic polynomials
and chromaticity of graphs. So, this remains an active area of research. The
reader can find more details on the chromaticity of graphs in the survey papers
[17, 43, 44, 58, 68] and the monograph [23]. All chromatically unique graphs
with 7 vertices and with 8 vertices can be found in [46].

In this thesis, the main aim is to study the algebraic properties of adjoint
polynomials and the chromaticity of some classes of graphs. In Section 1.1, we
introduce some basic definitions and terminology. In the rest of this introduc-
tion we describe our main results, together with some older results. Most of
the terminology and notation used in this thesis is standard and can be found
in the books [1] by Biggs and [6] by Bondy and Murty.

1.1 Basic definitions and knowledge

All graphs considered here are finite and simple. Let V(G), E(G), p(G), ¢(G)
and G denote the vertez set, the edge set, the number of vertices, the number
of edges and the complement of a graph G, respectively. For a vertex v of
a graph G, we denote by Ng(v) the set of vertices of G which are adjacent
to v and by d(v) the degree of v. For an edge e = vjvy of G, set Ng(e) =
Ng(v1) UNg(v2) — {v1,v2} and d(e) = dg(e) = |Ng(e)|. By Na(G) we denote
the number of subgraphs isomorphic to K3, i.e., the number of triangles in
G. For two graphs G and H, G U H denotes the disjoint union of G and H,
and mH stands for the disjoint union of m copies of H. H = G means that
H is isomorphic to G, denoted simply by H = G. We denote by K,, — E(G)
the graph obtained from the complete graph K, by deleting all the edges of a
graph isomorphic to G and by K, the graph obtained from K4 by deleting an
edge. We denote the path and the cycle of n vertices respectively by P, and
Ch, and write C = {Cy|n > 3},P = {P,|n > 2}. By Kj,—1 we denote the
star of n vertices and O,, = K,,.

For two polynomials f(z) and g(x) in z, by (g9(z), f(z)) we denote the
greatest common factor of g(x) and f(z), and by g(z)|f(x) ( respectively
g(z) [f(x)) we denote that g(z) divides f(z) ( respectively g(x) does not divide
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f(z)). Denote by df(x) the degree of f(x). For a real number a, |a| and [a]
denote respectively the largest integer smaller than or equal to a and the
smallest integer larger than or equal to a.

For a graph G, amap ¢ : V — {1,2,--- ,k} is called a vertex coloring
of G. A coloring is proper if no two adjacent vertices have the same color. A
graph G is k-colorable if G has a proper k-coloring. The chromatic number
of G, denoted by x(G), is the minimum k such that G is k-colorable. The
number of proper colorings of G with at most A colors is called the chromatic
polynomial, denoted by P(G,\).

For any graph G with p vertices, P(G, \) can be expressed in three ways:

p p

P(G,\) =) ai(G)X = Z i(G)N<is = Y (=P Id(G) (M),

i=1 i=1 =0

where (V)<i> = AA = 1) (A =2)---(A =i+ 1) and (\)< = XA+ 1)(\ +
2)---(A+1i—1), for all i > 1. Then, the o-polynomial of G is

p

o(G,z) = Zci(G)xi
i=1
and the 7-polynomial of G is
p .
7(G,x) =) di(G)a'.
i=1

Remark 1.1.1. The concept of o—polynomial was first explicitly introduced
and studied by Korfhage [45] in 1978. Actually, his definition of the o—
polynomial is equivalent to what we denote by o(G, x)/xX(). The reader may
find the details on o—polynomials in [30, 32, 49].

An interpretation of the above coefficients a;, ¢; and d; was given by Whit-
ney [76], Read [65] and Brenti [4], respectively. Here, we recall the interpre-
tation of the coefficients ¢; as follows: For a positive integer r, a partition
{A41,As,--+ , Ay} of V(G) is called an r-independent partition of a graph G if
every A; is a nonempty independent set of G. Let a(G,r) denote the num-
ber of r-independent partitions of V(G). Then, a(G,r) = ¢, that is, the
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chromatic polynomial of G is written as

P(G,A) =) aG,r) (N <is-

i>1

For a graph G with p vertices, if Gg is a spanning subgraph of G and each
component of Gy is a complete graph, then Gq is called an ideal subgraph
of G. Let b;(G) denote the number of ideal subgraphs Gy of G with p — 4
components. It is clear that by(G) = 1, b1(G) = ¢(G) and b;(G) = (G, p — i)
for each 7. In 1987, Liu introduced the adjoint polynomial of G as follows:

p—1
h(Gx) = bi(G)aP~.

=0

From the above argument, we get

o(G,r) = h(G, ) (1.1)

and B
PG ) = 3 bi(G)(N) <pis- (1.2)

i=0

Remark 1.1.2. Using the term special graphs, Frucht gave the expression
(1.2) in [38]. The adjoint polynomial of a graph is a special subgraph polyno-
mial, see [35].

Example 1.1.1. Let G = P3 U Py, Then h(G,z) = 2° + 32* + 223. So, we
have
P(G, )\) = A<5> + 3(A)<4> + 2>\<3>.

The properties of the chromatic polynomial of G and its o-polynomial (or
the adjoint polynomial of G) have a close relation with their roots, which was
studied by Brenti, Royle and Wagner in 1992 and 1994. In Chapters 2 and
3 of this thesis, we investigate some algebraic properties of the adjoint poly-
nomials of some graphs, such as recursive relations, divisibility, roots of the

adjoint polynomials and so on.
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Two graphs G and H are said to be chromatically equivalent (or simply
x-equivalent), denoted by G ~ H, if P(G,\) = P(H,\). It is clear that ”~"
is an equivalence relation on the family of all graphs. By [G] we denote the
equivalence class determined by G under ”"~”. A graph G is called chromati-
cally unique (or simply x-unique) if H = G whenever H ~ G. For a set G of
graphs, if [G] C G for every G € G, then G is called y-closed.

The problem of chromaticity of a graph G is to consider the following:
(i) Is G x-unique?
(i) Determine [G] if G is not y-unique.

Two graphs G and H are said to be adjointly equivalent, denoted by
G ~p H, if h(G,z) = h(H,z). Clearly, ”~}” is an equivalence relation on
the family of all graphs. Let [G], = {H|H ~; G}. A graph G is said to
be adjointly unique if H =2 G whenever H ~p G. For a set G of graphs, if
[G]}, C G for every G € G, then G is called adjointly closed.

From the above definitions, we have

Theorem 1.1.1. (i) G ~ H if and only if G ~j, H;
(ii) [G] = {H|H € [G]n};
(iii) G is adjointly unique if and only if G is x-unique.

So, from Theorem 1.1.1, one sees that the study of chromaticity of a graph
G is equivalent to investigate the following problems:

(i) Is G adjointly unique?

(ii) Determine [G]y, if G is not adjointly unique.

In Chapters 4 to 6, we investigate the chromaticity of some classes of
graphs, which are some dense graphs, complete multipartite graphs and gen-
eral multipartite graphs. Some new results are obtained and some open prob-

lems and conjectures are solved.
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At the end of this section, we point out that all parameters used throughout

the thesis take nonnegative integer values.

1.2 The adjoint polynomials of graphs
For convenience, we denote h(G, ) by h(G) for a graph G. In 1987, Liu intro-

duced the definition of adjoint polynomial of a graph and gave two important

properties in the following theorems.

Theorem 1.2.1. ([50]) Let G be a graph with k components G1,Ga,...,Gy.
Then

For an edge e = v1vy of a graph G, the graph G * e is defined as follows:
the vertex set of G x e is (V(G)\{v1,v2}) U {v}, and the edge set of G * e is
{e'le! € E(G), ¢ is not incident with v; or ve}U{uv|u € Ng(vi)NNg(v2)}. For
example, let e; be an edge of C4 and ey an edge of Ky, then Cyxe; = PobUK)
and K4 * €9 = Kg.

Theorem 1.2.2. ([51]) Let G be a graph with e € E(G). Then
h(G,z) = h(G —e,x) + h(G x e, x).
In particular, if e = uiuo does not belong to any triangle of G, then

MG, x) = h(G —e,z) + zh(G — {u1,u2}, z),

where G — e (respectively G — {uy,us}) denotes the graph obtained by deleting

the edge e (respectively the vertices uy and uz) from G.

Let Dy, F,,, Uy, By, A, be the graphs with n vertices, shown in Figure 1.1.



Introduction 7

e—o o 9o ¢ o o o
s ¢« ¥ e
Dy, F, Un Bn An
Figure 1.1

By applying the above theorems, Liu and Zhao gave the following results.
Theorem 1.2.3. ([58, 62])) (i) For alln > 6, h(C,) = x(h(Cp-1)+h(Cr-2));
(ii) For alln >3, h(P,) = x(h(Py—1) + h(Pn—2));

(iii) For alln > 6, h(Dy) = x(h(Dp-1) + h(Dp—2));
(iv) For all n > 8, h(F,) = x(h(F,—1) + h(F,—2)).

Theorem 1.2.4. ([58]) (i) For alln > 2, h(P,) = >, (nfk)xk,

k<n
(ii) For alln >4, h(Cy) = > %(nﬁk)xk,
k<n
(iii) For alln >4, h(Dy) = > (% (nﬁk) + (7:233)) zk,

k<n
Theorem 1.2.5. ([56, 58]) (i) For n > 3, h(Pap+1) = h(Py)h(Cpi1);
(’LZ) Forn > 4, h(Cn U Kl) = h(TLLn*Q);
(Z’L’L) Forn >4, h(Dn U Kl) = h(T1727n,3).

Let G be a graph. For e € F(G), by G¢(P,,) we denote the graph obtained
from G by replacing the edge e by P,,. In Section 2.2, we give the following

general result.
Theorem 1.2.6. Ifm >4, then
MGe(Pn)) = 2 (MGe(Pn-1)) + MGe(Prm-2))) -

The divisibility of the adjoint polynomials is very important for studying
the chromaticity of dense graphs, as will become clear in Chapter 4. Liu and

Wang obtained the following results.
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Theorem 1.2.7. (i) ([54, 58]) For n,m > 2, h(P,)|h(Py,) if and only if
(n+1)|(m+1);

(i) ([75]) For n > 2 and m >4, h(P,)|h(Dy,) if and only if n =2 and
m = 2(mod 3), orn =4 and m = 3(mod 5).

In Section 2.2, we give some more general results.

Theorem 1.2.8. Let {gi(x)}; (i > 0) be a sequence of polynomials with inte-
gral coefficients and gn(x) = x(gn-1(x) + gn—2(x)). Then

(1) gn(x) = h(Pi)gn—k(x) + Th(Pr1)gn—r—1(2);

(ii) h1(Pp)|gn+1+i(x) if and only if h1(Py)|gi(z), for any positive integers n and i.

By Theorems 1.2.6 and 1.2.8, it is not hard to obtain a sufficient and neces-
sary condition of the form h(P,)|h(H) for any H € {P,, Cy, Dy, F,,, Uy, Ay, B, }.
For example, h(P,)|h(A;,) if and only if n = 2 and m = 2(mod 3), for n > 2
and m > 6.

Let T, 5. denote a tree with a vertex v of degree 3 such that T, . —v =
P,UP,U P,, shown in Figure 1.3. By Theorems 1.2.6 and 1.2.8, in Section 2.2

we get the following results.

Theorem 1.2.9. For k > 1 and t > 1 such that kt > 3, we have that
h(P—1)|M(T1 ke —3), R(P)IA(T1 kth—1) and h(Piy2)[h(T 4 piets))-

Theorem 1.2.10. Forl > 2, m > 1 and k > 1, we have:

(1) H(P)|A(T11,m) if and only if (I,m) € {(3,4k)};

(i) h(P)|h(Th 2,m) if and only if (I,m) € {(2,3k —1),(4,5k)};

(111) h(P)|h(Th 3.m) if and only if (I,m) € {(2,3k), (3,4k — 1), (5,6k)};

(iv) h(P)|h(T1,4,m) if and only if (I, m) € {(3,4k — 3), (4,5k — 1), (6,7k)};

(v) h(P)|h(T1 5,m) if and only if (I, m) € {(2,3k — 1), (3,4k), (4,5k — 3),
(5,6k —1),(7,8k)};

(vi) h(P)|h(T1,6,m) if and only if (I, m) € {(2,3k), (5,6k—3), (6,7k—1),(8,9k)}.

For a graph G, if every x(G)-coloring of G gives the same partition of
V(G), then G is said to be a uniquely x(G)—colorable graph. Chao and Chen
[12, 13], Chao [14] and Chia [16] found some uniquely n-colorable graphs. As
an application of the recursive relations of adjoint polynomials, in Section 2.3

we generalize all of Chao’s results in [14] by the following results.
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Theorem 1.2.11. Let s be an odd integer. Then G(K,, Ps) is a uniquely
%fcolomble graph with m + s — 1 wvertices, where G(Ky,, Ps) denotes the

graph obtained by identifying a vertex of K,, with an end-vertex of P;.

Corollary 1.2.1. (/14]) For anyn > 1 and m > 2, we have
(i) Pay, is a uniquely n-colorable graph with 2n vertices;

(ii) Dam1 18 a uniquely m-colorable graph with 2m + 1 vertices.

Theorem 1.2.12. Let s be an odd integer. Then G(K,,, Ps) U Kj and
G'(Kpm, Ps) are uniquely %—colomble graphs that are chromatically equivalent,
where G'(Kp,,Ps) denotes a vertex splitting graph obtained from G(K,,, Ps)

(see Definition 2.3.1).

Corollary 1.2.2. Let n > 3. There exist infinitely many uniquely n-colorable

graphs that are chromatically equivalent.

We now turn our attention to the roots of adjoint polynomials. In 1992,
Brenti investigated the roots of chromatic polynomials and of five other related
polynomials. Here we present several results on roots of an adjoint polynomial.

For a graph G with vertex set V(G) and edge set E(G), G is called a
comparability graph if there exists a partial order < on V(G) such that uv €
E(G) if and only if u # v and either u < v or v < u, see [39].

Theorem 1.2.13. ([4, 5])

(i) Let G be a comparability graph. Then all roots of h(G,z) are real;

(ii) Let G be a graph without triangles. Then all roots of h(G,x) are real;
(iii) All roots of h(Ky,x) are real for any integer n.

For a graph G, by ((G) we denote the minimum real roots of h(G,x).
In Section 3.2, we give some fundamental equalities and inequalities on the
minimum real roots of h(G,z). We determine all connected graphs G such
that 3(G) € (—(2 ++/5), —4) U [—4,0] in Sections 3.3 and 3.4.

Let 7y = {Th1nln > 1} and U = {Up|n > 6}. In Figures 1.2 and 1.3 we

list some graphs used in rest of this thesis.
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] bt
I I I I ’
o—©
Cy(P2) Cy(P3) Cs3( Py, Py) C3(Ps, Ps)
Figure 1.2
e o
1 2 a a+1 a+b a+b+1la+b+ec
Qa,b,c
,,,,,,,,,, 1 2 a 1 2 a
¢« o o —@ ¢« o o -o~
1 2 b 1 2 b ™~
o o .. o > o ... —o
1 2 c 1 2 c
Ta,b,c Cg(a, b, C)

Figure 1.3

The following theorems can be found in Sections 3.2 to 3.4.

Theorem 1.2.14. Let G be a connected graph and let H be a proper subgraph
of G. Then

B(G) < B(H).
Theorem 1.2.15. Let G be a connected graph. Then
(i) B(G) = —4 if and only if

Ge{Tio5,T222,T133, Ki4,Cs(P2),C3(Pa, P), K, ,Dg} UU;
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(ii) B(G) > —4 if and only if
G e {Kl} U {T1?27i|i = 2,3,4} U {D1|Z = 4,5,6,7} UPUCUT,.

Theorem 1.2.16. Let G be a connected graph. Then —(2++/5) < B(G) < —4
if and only if G is one of the following graphs:
(i) Tope fora=1,b=2,¢>5, ora=1,b>2,c¢>3, ora=b=2,c>2,
ora=2,b=c=3;
(11) Qap,c for (a,b,c) € {(2,1,2),(3,4,2),(3,5,3),(4,7,3), (4,8,4)},
ora>2b>0b*(a,c),c>1, where (a,c) # (2,1) and
at+c+1 for a>4,
b*(a,c) =¢ 3+c¢ for a=3,
c for a=2;
(iii) Dy, for n >9;
(iv) Ay, forn > 6;
(v) F,, forn >9;
(vi) C3(a,b,c) fora=1,b=5andc=3,ora=1andb>1ifc=1,
ora=1andb>4ifc=2,ora=1andb>c+3ifc>3;
(vii) G = Cy(P3), or G = C3(P,, Ps).

As byproduct of the above theorems, the following corollary is obtained.

Corollary 1.2.3. Let G be a connected graph with 3(G) > —(2 4 /5). Then

all the roots of o(G, ) are real.

A graph G is called P-real (or o-real) if all roots of P(G, z) (or o(G, z)) are
real; otherwise G is called P-unreal (or o-unreal). For a connected graph G
with n vertices, we define n(G) = |E(G)|/(5), where n(G) is said to be the edge-
density of G. We denote by 7(n) the minimum edge-density over all n vertices
graphs with o-unreal roots. Brenti, Royle and Wagner in 1994 determined
all o-unreal graphs with 8 and 9 vertices. Furthermore, they proposed the

following problem.

Problem 1.2.1. (/5]) For a positive integer n, let n(n) be the minimum edge-
density over all o-unreal graphs with n vertices. Give a good lower bound for
n(n). In particular, is there a constant ¢ > 0 such that n(n) > ¢ for sufficiency

large n?
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Let H and G be two graphs and let v € V(H) and v € V(G). We denote
by G!,(H,) the graph obtained from G and ¢ copies of H and a star Ki; by
identifying every vertex of degree 1 of K ; with vertex v of a copy of H and

identifying the center of K ; with vertex u of G, as shown in Figure 1.4.

1 2 t
//"F \\\\\ //"’: \\\\\ (’/ﬂ \\\\
<\ H r/ <\ H r/‘ N H /
-~ = = =
VT~ v\ _ v
/ \\\
G |
\ /
\ ,u’/
t
Gu (H v )

Figure 1.4

For two positive integers n and s, we denote by K,, — s the graph obtained
by deleting s edges from K,,. In Section 3.5, we establish a way of constructing
o-unreal graphs and give a negative answer to Problem 1.2.1 by the following

theorems.

Theorem 1.2.17. Let H be a graph with m vertices and v € V(H) such that
H is o-unreal. Let t be a positive integer and H; = K,,_mi. Then there exists
a o-unreal graph sequence Hy U H, H2(H,), H3(H,), ..., H{(H,) such that
n(Hi UH) — 0 and n(H!(Hy)) — 0 asn — oo, where i = 2,3,...,t, moreover

n(n) — 0 as n — oo.

Theorem 1.2.18. Let H be a graph with m vertices and v € V(H) such that
2
- Si]7

wherei = 1,2,...,t and (n—im)? = s;(mod 2q). Then for any rational number

H is o-unreal. Lett be a positive integer and H; = Ky_m;i — 2%[(11 —im)

p/q, 0 < p/q < 1, there exists a o-unreal graph sequence Hy U H, H3(H,),
H3(H,), ..., H{(H,) such that n(Hy UH) — p/q and n(H!(H,)) — p/q as

n — oo, where i =2,3,...,t.
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1.3 The chromaticity of some dense graphs

Let G be a graph and let h(G, z) = 2% hi(G, z) such that hy (G, ) is a poly-
nomial with a nonzero constant term, where ¢(G) is the degree of the lowest
term of h(G,z). If hi(G,z) is an irreducible polynomial over the rational
number field, then G is called an irreducible graph.

In 1994, Liu [55] found a necessary and sufficient condition for C), to be
irreducible and gave some irreducible graphs, see [58]. Later, Zhao and Liu
[82] obtained a necessary and sufficient condition for P, to be irreducible.
By applying the unique factorization theorem of polynomials over the rational
number field and using the fundamental properties and irreducibility of adjoint
polynomials, Li, Liu, Wang, Ye, Zhao et al. found many new families of

chromatically unique graphs. We summarize their results as follows:

Theorem 1.3.1. ([52, 60, 61]) Let G = Ui, ki P,UU;—; 1;Cm,, where n; > 4
and mj > 5. If Py, and Cy,; are irreducible for each i, 1 <1i <, and for each
j, 1 <j<s, then K,, — E(G) is x-unique, where n > V(G).

Theorem 1.3.2. (/54]) If q, ¢ > 5, is a prime number, then Py_1 is x-unique.
Conjecture 1.3.1. (/58]) For every even number n,n > 4, P, is x-unique.

The above conjecture was confirmed respectively by Zhao, Huo and Liu
[81] and by F.M. Dong, K.L. Teo, C.H.C. Little and M.D. Hendy [29]. By
applying the theory of matching polynomials, see [34, 36, 37|, Liu and Bao in
1993 obtained the following result.

Theorem 1.3.3. ([59]) If G is a 2-reqular graph without C3 and Cy, then G
18 X -unique.
In 1996, Du improved the above results and got the following results.

Theorem 1.3.4. (/32]) If n; # 4(mod 10) and n; is even, mj > 3 and m; # 4,
then 1K3 U (U; Pp,) and U]ij are x-unique, where [ > 0.

Very recently, Dong, Teo, Little and Hendy [29] investigated the chro-

maticity of complements of H = aKzUbDsU U P, U U Cy,, where
1<i<s 1<j<t

a,b>0,u; > 3,u; Z 4(mod 5),v; > 4 and obtained a necessary and sufficient

condition for H to be chromatically unique.
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Theorem 1.3.5. ([29]) For nonnegative integers ro,r1,s, ai,az, -+ ,as, the

graph ro K, \Jr1 K3 J;_; a;i Py is x-unique if and only if ror1 + ag = 0.

Theorem 1.3.6. ([29]) Let G = aK3UbDy U Py, U C,; for nonnega-

1<i<s 1<j<s
tive integers a,b, u; and vj with u; > 3, u; # 4(mod 5) and vj > 4. Then

G is x-unique if and only if b = 0, v; > 5, u; is even when u; > 6 and
{’U,1+1,U2+1,"' ,U5+1}m{vl,"' ,Ut}:(b.

However, a necessary and sufficient condition for aK; U; P; U; C; to be

chromatically unique is not known. In Section 4.3, we give a necessary and

sufficient condition for aKy U; P; U; C; and U;U,,; to be x-unique by the fol-

lowing theorems.

Theorem 1.3.7. Let A = {n|n = 0(mod 2) and n > 6} and B = {n|n > 5}.
For a graph G with p vertices and §(G) > p — 3, we have that G is x-unique
if and only if G is one of the following graphs:

(i) rKiU( U Pp,) forr=0andn; € AU{2,3,5}, orr > 1 and n; € AU

1<i<s

{2,3}, where r,s > 0;

(ii) h U J Po))U( U Cm,)UICs forty =0 and M = ¢, orty > 1 and
1<i<s 1<j<t

({6,9,15} N B)UM = ¢, where t,1,5,t >0, t+1>1, n; € AU{3,5},
mj € B and M = (AU{3,5})N{n—1|n € B}.

Theorem 1.3.8. Let n; > 6. Then U™ U,, is x-unique if and only if n; =7

or n; > 10 and n; is even, where i =1,2,--- ,m.

Dong, Teo, Little and Hendy [29] also determined all adjointly equivalent

classes of graphs roK; Ur K3U |J Pay,, for rg,r1 > 0,1; > 1, and obtained a
1<i<s
necessary and sufficient condition for two graphs H and G in G; to be adjointly

equivalent, where

G1=qaKsUbDsU | ] Py,

1<i<s

U U Cy;la,b,s,t > 0,u; > 3,u; # 4(mod 5),v; > 4
1<5<¢
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Let

Go =< aK3UbD4U U P, U U Cvj|a,b,s,t20,u1-23,vj24
1<i<s 1<j<t

and

Gs=<rKjU U Cvj|7’,t20,’l)j24
1<5<¢
Indeed, it is not easy to determine the equivalence class of each graph in G;
for i = 1,2,3. So, they proposed the following problem: For a set G of graphs,

determine

min,G = U (G,

where min,G is called the adjoint closure of G. They also proposed the fol-

lowing problem and conjectures.

Problem 1.3.1. (/29]) Determine minp(G2).

Conjecture 1.3.2. (/29]) The following set equality holds.

miny(G2) = { rK1 UaK3UbDy U U Tiq, U U P,
1<i<m 1<i<s

U U Cy;la,b,r,s,t >0,m+r < a,r; > 2,u; > 3,v; >4
1<j<t

Conjecture 1.3.3. (/29]) The following set equality holds.

ming(G3) =< rK1UbD4U U Ty, U U C’Uj\r, bym,t > 0,r; >2v; >4
1<i<m 1<j<t

Let
F1 = {Kl} U {T17272‘,Di+3|i = 1,2,3,4} UPUCUT

and

Fo=A{T125,T222,T133, K1,4,Cs(P2),C3(P, P), Ky ,Dg} UU.
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Take Y4 = {U GZ|GZ S fl} and Yy = {U GZ|G1 e FiU fz}.
In Section 4.4, we obtain a method for determining the adjoint equivalence
class of each graph in sets );, where ¢ = 1,2. Furthermore, we give a negative

answer to Conjectures 1.3.2 and 1.3.3 by the following theorem.

Theorem 1.3.9. (i) There exists a graph G in minyGa such that G contains
each graph in Fi as its component and minpGa C V.

(Z’L) Let F3 = {Kl}U{TLgJ‘,DZ‘_;,_g‘i = 1,3,4}U{Ci’i > 4}U71 and Y3 = {U Gl‘
G; € Fs3}. Then there exists a graph G in minpGs such that G contains
each graph in Fs3 as its component and minpGs C V.

In order to study adjoint uniqueness of complex graphs, Liu and Zhao
[58, 62] and Du [31, 32] introduced and studied independently an invariant on
adjointly equivalent graphs as follows.

For a graph G with ¢ edges, its character Ri(G) or invariant Ri(G) is

defined as
] 0, if g=0,

R(G) =
1(G) { bo(G) — (M9 +1, ifg>0,
where b1 (G) and ba(G) are the second and the third coefficients of h(G), re-

spectively.

In 1996, Liu and Zhao investigated the adjoint uniqueness of graphs (J; C;U
Uj D;UlJ,, Fy, and of graphs ngsgt T}, s,r- They obtained the following results.

Theorem 1.3.10. (/57]) Let G = J,,, Dp,, where n; > 5 is a positive integer.
If Dy, is an irreducible graph for all i, then G is x-unique.

Theorem 1.3.11. (/62]) Let n > 6. If F, is an irreducible graph, then F,, is

X-Unique.
In [58], Liu proposed the following problems.

Problem 1.3.2. ([58]) Study the adjoint uniqueness of \J; Pn, U U; Cm; U
Uk Dy,

Problem 1.3.3. (/58]) Study the adjoint uniqueness of graphs G with R1(G) =
—1.
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Li, Bao and Liu [47], Liu [56], Wang [73] and Wang and Liu [74] obtained

the following results.

Theorem 1.3.12. ([75]) Let G = J; Po,UUy<p<s<t Thst, wheret, s, k, andn;
are positive integers and n; > 2 for each i. If all P,, and T}, s 1 are irreducible,

then G is x-unique.

Theorem 1.3.13. ([74]) Let G = Uy, 3, T1105 U Up<s<y Thos e, where t >
s>k>2andly > 1y > 3. If all Ty, s and 114, ;, are irreducible, then G is

X -unique.

In Sections 4.5 to 4.7, we focus on studying adjoint uniqueness of some
complex graphs. Moreover some new results on Problems 1.3.2 and 1.3.3 are
obtained. First, in Section 4.5, we study adjoint uniqueness of (U;Cy,) U
(UiDm;) U (UapT1,ap) and of rK7 U (Ua’b T1,4). We give many new chromat-

ically unique graphs as follows.

Theorem 1.3.14. Letn; > 5 andm; > 9, for eachi and j, and let 3 <11 < 10
and Iy < ly. Let G = (Usz) U (Uijj) U (Ull,lng,ll,lg)' If h(Pn) /fh(Cnl);
h(Pn) fh(Dm;) and h(Py) Ah(T1y,0,), for all n > 2, then G is x—unique if
and only if la # 211 +5 and (I1,12) # (n; — 1,n;), for all i.

Corollary 1.3.1. Let G; € {Cj|i > 5,i # 2(mod 4)} U {D;|j > 9,7 #
2(m0d 3),] % S(mod 5)} U {T1711,12’3 <l <6,l1 <lg,ly #loyly #lo+ 1,15 #
201 +5} and (I1,12) & {(3,3k), (3,4k —1), (4,4k+1), (4,5k—1), (4, 7k), (5, 3k +
2), (5,4k+4), (5,5k+2), (6,3k+3), (6, 7k —1)|k > 1}. Then U;G; is x-unique.

Theorem 1.3.15. Let 3 <13 <10 and Iy < ly. If h(Pp) fh(T1,,) for any
m > 2, then K, — E(Up, 1,11, 1,) is x-unique if and only if lo # 211 +5, where
n = Z ’V(Tl,h,b)"

l1,l2

Corollary 1.3.2. Let G; € {Tl,l1,l2’3 <L <6,l1 <l h 75 lo,l1 £l + 1,15 #
o0 +5} and (I, 1s) & {(3,3k), (3, 4k —1), (4, 4k + 1), (4,5k — 1), (4, 7k), (5, 3k +
2), (5, 4k + 4), (5,5k + 2), (6,3k + 3), (6, 7k — 1)|k > 1}. Then K,, — E(U;Gy)
is x-unique, where n > > |V (T4, 1,)]|-

l1,l2

In Section 4.6, we obtain the following results.
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Theorem 1.3.16. Let G = A,U(UY_|C,,.), where m; # 2(mod 4) and m; > 5
for all i, and n # 2(mod 3) and n > 5. Then |G|, = {G} except for [G], =
{A7 U (UK C)), Br U (UE_ C,)} for n = T7; in particular, G is x-unique if
and only if n £ 7.

Theorem 1.3.17. Let G = BnUanuwaU(Uf:lCmi), where m; # 2(mod 4),

and m; > 5 and m; # 9,15, for all i and n > 7. Then [G]p, = {G} except for

the following cases:

(i) [G]n = {G, A7 UaCy U bC15 U (UE_,Cp,)}, forn=17;

(i) [G]n = {G, Fi3 U Ty 11 U (a — 1)Cy UbCy5 U (UF_,Cpn.)}, for n =8 and
a>1;

(i) [G]p = {G, Fi5 UT111 U Cs UaCy U (b— 1)C15 U (UE_,Cpn,)}, forn =9
and b>1;

(i”l)) [G]h = {G, Ag U CyUaCqUbC5 U (UleCmi), Ag U Dy U aCq U bCq5U
(U C))}, for n = 10.

In particular, G is x-unique if and only if n # 7,10, and a = 0 when n = 8,

and b =0 when n =9.

In Section 4.7 we introduce a new invariant R3(G), that is R3(G) =
R1(G)+q(G)—p(G), and give some properties. We prove the following results

in that section.

Theorem 1.3.18. Let G and H be two graphs such that h(G,z) = h(H, x).
Then
R3(G) = R3(H).

Theorem 1.3.19. Let G be a graph with k components G1,Ga,--- ,Gg. Then

Theorem 1.3.20. Let G be a connected graph. Then

(i) R3(G) < 1, and the equality holds if and only if G = K3;

(11) R3(G) = 0 if and only if G € L\{K3}, where L = {K3, K, , K4, Py, Cp4a2,
Dyi9, Fpqaln > 2}.

Theorem 1.3.21. Let F, = {aK3UJ, Gi|G; € L and h(K3) fh(G;)}, where

a is a nonnegative integer. Then Fgy is adjointly closed.
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Theorem 1.3.22. Let a,t,r be nonnegative integers and let G = (UjeaP;) U
(UjeBCj)U(Ugerm D) U(Use  Fs) Ua K3 Ut K UrKy, wherei > 2, i # 4(mod 5)
and i is even, j > 5, k % 3(mod 5) and k > 9,s # 2(mod 5) and s > 6. Then
G is x—unique if and only if j #i+1if2& A, or j #6,9,15 and j # i+ 1 if
2€ A

1.4 The chromaticity of multipartite graphs

It is well known that all complete graphs K, are xy-unique, for n > 1. A natural
question is: which complete ¢-partite graphs K (ny,no,--- ,n;), for n; > 1, are

x-unique? The following result was obtained by Chao and Novacky in 1982.
Theorem 1.4.1. ([7]) Fort > 2, the complete t-partite graph K(ni,na, -+ ,n¢)
is x-unique if In; —n;| <1, foralli,j=1,2,--- ,t.

In 1978, Chao gave the following conjecture.

Conjecture 1.4.1. For n > 2 and 0 < k < 2, the graph K(n,n + k) is

X-Unique.

This was later confirmed by Salzberg, Lopez and Giudici in 1986. In fact,

they proved more general results.

Theorem 1.4.2. ([69]) The graph K (n,n+ k) is x-unique, for alln > 2 and
0 < k < maz{5, ﬂn}

Conjecture 1.4.2. ([69]) All complete bipartite graphs K (n,m) are x-unique

when n > m > 2.

The conjecture was finally resolved completely by Teo and Koh in 1990
[71]. A couple of alternative proofs were given by Dong [22] and Teo and Koh
[72].

Theorem 1.4.3. ([71]) All complete bipartite graphs K(n,m) are x-unique
when n > m > 2.

In 1988, Chia, Goh and Koh first investigated the chromaticity of complete
tripartite graphs and obtained the following chromatically unique families of

complete tripartite graphs.
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Theorem 1.4.4. ([18])

(i) K(n,n,n+k), forn >2 and 0 < k < 3, is x-unique;

(ii) K(n —k,n,n), forn >k+2 and 0 < k < 3, is x-unique;
(iii) K(n — k,n,n+ k), forn>5 and 0 < k < 2, is x-unique.

Chia, Goh and Koh [18] and Koh and Teo [43] proposed the following

conjecture.

Conjecture 1.4.3. (/18, 43]) For any integers n and k with n >k +2 > 4,

K(n —k,n,n) is x-unique.

From 1998 to 2002, Zou and Shi improved the above results and gave the

following results.

Theorem 1.4.5. ([83-87])

(i) Forn >k +k?/3, K(n — k,n,n) is x-unique graph;

(ii) For n > (k +k%)/3, K(n,n,n + k) is x-unique graph;
(iii) For n > k? + %k, K(n —k,n,n+ k) is x-unique graph;
(iv) Forn > 6, K(n —4,n,n) is x-unique graph.

In Section 5.3, we give a positive answer to Conjecture 1.4.3 and some

general results.

Theorem 1.4.6. For any integers n > m > r > 2, we have [K(r,m,n)] C
{K(z,y,2) =Sl <z <y<zm<z<nzx+y+z=n+m+rS C
E(K(x,y,2)) and |S| = zy+zz+yz—nm—nr—mr}. In particular, if z = n,
K(r,m,n) = K(z,y,2).

Theorem 1.4.7. For any integers n and k withn > k+2 >4, K(n—k,n,n)

18 Y -unique.

Theorem 1.4.8. For any integers n and k withn > 2k >4, K(n—k,n—1,n)

18 X -unique.

As a generalization of the above results, we get some general results in
Section 5.4.
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Theorem 1.4.9. Let 2 < n; < ng--- < ny and G = K(ny,ng, -+ ,ng). If
H ~ G, then

t
(i) H € [G] C {K(x1,22, - ,2¢) =S|I <z1 <mg--- <ap <y, », & =
i=1

i ni, S C E(K(x1,x2, -+ ,2¢))};

(ii)zgl;ere exists an integer b > 2 such that 1 < xy--- < xp < np — 1 and K,
is a component of H for anyi > b+ 1;

(iii) if x; = n;, for any i > 3, then G = H.

Theorem 1.4.10. For any positive integers n > k+2, k> 2 and t > 3, the

complete t-partite graph K(n — k,n,n,--- ,n) is x-unique.

Theorem 1.4.11. For any positive integers n > 2k, k > 2 and t > 3, the

complete t-partite graph K(n —k,n —1,n,--- ,n) is x-unique.
In 1988, Giudici and Lopez proved

Theorem 1.4.12. ([41]) The complete t-partite graph K(n—1,n,--- ,n,n+1)
s x-unique when t > 2 and n > 3.

In 1990, Li and Liu proved

Theorem 1.4.13. ([48]) K(1,na,--- ,n) is x-unique if and only if maz{n;|i =
2,3, 1} <2.

Koh and Teo proposed the following problem in 1990.

Problem 1.4.1. ([43]) Let t > 2. Is the graph K(ni,na,--- ,n:) x-unique if

Ini—n;| <2, foralli,j =1,2,---,t, and sufficiently large min{ni,na,--- ,n:}?¢

Very recently, Zou gave a partial answer to Problem 1.4.1 by the following
theorem.

> (ni—ny)?

Theorem 1.4.14. (/88]) Let n; > 2, for each i, and a; = \| === ——

¢
The complete t-partite graph K(ni,ng,--- ,ng) is x-unique if Y. n; > ta? +
i=1

\/2t(t — 1)ay and ny,ne, -+ ,ny satisfy one of the following conditions:
(i) ni =mng =---=mny; (1) n1 <na--- < ng; (i) t =3 or4.
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In Section 5.5, we investigate the chromatic uniqueness of K (ny,na,--- ,n).
We solve Problem 1.4.1 by giving it a positive answer. Indeed, the following

results solve Problem 1.4.1 and answer even more.

¢
Theorem 1.4.15. Let G = K(ni,ng, -+ ,n) andn = Y n;. Ifn>tq(Th+)—
i=1

tq(G) +t+ \/(t —1)> 1 cicj<i(ni —nj)?, then G is x-unique.

Theorem 1.4.16. Let G = K(ny,na,--- ,ng). If min{n;li = 1,2,--- ,t} >

2
+ 1, then G s x-unique.
1<i<j<t

Theorem 1.4.17. If|n;—n;| < k and min{ni,ng, -+ ,ns} > %—i— : 2(21571)1{7_‘_

1, then K(ny,ng, -+ ,ng) is x-unique.

Theorem 1.4.18. If |n; — nj| = 2 and min{ni,na, -~ ,ni} > t+ 1, then

K(ni,na, - ,ny) is x-unique, where t > 2.

We now turn our attention to general multipartite graphs. Let S be a set
of s edges of G. Denote by G — S( or simply by G — s) the graph obtained
from G by deleting all edges in S. We denote by < S > the subgraph of
G induced by S. Let S’ be a set of s’ edges of G. Denote by G + S’ (or
simply by G + s) the graph obtained from G by adding all edges in S’ to G.
In particular, for G = K(n1,n2, -+ ,n), we denote by G, %, .. ., the family
{G = S|S C E(G) and |S| = s}. Let G = K(ni,n2, -+ ,n¢) be a complete
t-partite graph with partition sets A; such that |A;| = n;, where i = 1,2,--- ,¢.
By K(A;, A;) we denote the subgraph of G induced by A; U A;, where ¢ # j
and 4,5 = 1,2,--- ,t. Denote by Ki_f(l’s(nl,ng,--- ,n¢) the graph obtained
from K(nq,ng,---,n¢) by deleting all s edges of K, from K(A;, A;) with
center in A; and others in A;. Denote by KiTjSKZ (n1,ng, - ,n¢) the graph
obtained from K (ni,ng,--- ,n) by deleting all s edges of sKy from K (A;, A;).

In 1986, Salzberg, Lopez and Giudici investigated the chromatic uniqueness

of the bipartite graphs and obtained the following.

Theorem 1.4.19. (/69]) Let G be the graph obtained from K (n,m) by remov-
ing an edge. Then G is x-unique when m >3 and 0 <n —m < 1.
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In 1988, Read proposed the following conjecture.

Conjecture 1.4.4. ([67]) All graphs obtained from K (n,m), where n,m > 3,

by removing an edge are x-unique.

In 1990, Teo and Koh confirmed this conjecture and proposed two new

problems.

Theorem 1.4.20. ([71]) All graphs obtained from K (n,m), where n,m > 3,

by removing an edge are x-unique.
Problem 1.4.2. ([71]) Forn > m > 4, study the chromaticity of K (n,m)—2.
Problem 1.4.3. ([71]) Forn > m > 2, study the chromaticity of K (n,m)+1.

Later, several researchers studied the chromaticity of graphs obtained from
K(n,m) by deleting s > 2 edges and obtained some new results, see [15, 40,
42, 64, 78]. Recently, Dong, Koh, Teo, Little and Hendy obtained more general
results and solved Problem 1.4.2, see [24, 25, 26].

Apart from the bipartite case, there are few known results on the chro-

maticity of general multipartite graphs. In 1988, Chia, Goh and Koh obtained

Theorem 1.4.21. ([18]) Forn > 2 and m > 4, graphs obtained from K(n,n,n),

K(n,n+1,n+1) or K(m—1,m,m — 1) by removing one edge are x-unique.

Let < S > be a subgraph of K,. We denote by K™%(n,n) the graph
obtained from K(n,n) by adding all edges in S between vertices of one of
the partition sets in K(n,n). For disjoint graphs G and H, G + H denotes
the join graph of G and H with vertex set V(G) U V(H) and with edge set
{zylx € V(G) and y € V(H)} U E(G) U E(H). In Sections 6.3 and 6.4, we
investigate the chromaticity of graphs K %(n,n) and of graphs K(n,m,r) — s.
We give a partial answer to Problem 1.4.3. Indeed, in the sections we prove

the following results.

Theorem 1.4.22. Forn > s+2 and s > 1, let S be a set of s edges in K,, and
let < S > be a bipartite graph. Then [K**(n,n)] = {0, + G|G € [K,, — 3]}
and K+3(n,n) is x-unique if and only if K, — s is x-unique, where O, + G is
the join graph of O, and G.
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Theorem 1.4.23. Forn > s+ 2 and s > 1, let S be a set of s edges in K,
and let < S > be a bipartite graph. Then K%(n,n) is x-unique if and only if

< 8§ > is a x-unique graph without cut-vertex.

Theorem 1.4.24. Let ny < no < ng withn =ny +ng+n3 and s > 1. If

n>i > (ni— n;)?+ /2 > (ni—nj)*+12s+3s+3, then G, 2, 1,
1<i<5<3 1<i<5<3

s x-closed.

Theorem 1.4.25. Letny +no+ng =n and s > 1. If n > % > (ng —
1<i<j<3
n)?+ 2> (ni—nj)? +12s+3s+3, then Ki_JKl’S(nl, ng,n3) 18 X-unique,
1<i<j<3 ’
where i # j and i,j =1,2,3.

Let G = K(n1,ng,n3) with n; < ny < ng and let A;, Ay and A3 be three
partition sets with |A;| = n;, where i = 1,2,3. We denote by H,*K2 the

ni,n2,n3

graph obtained by deleting all edges of sKs from K(A1, As) in G.

Theorem 1.4.26. Suppose ni +no+ns=n and s > 1. If ng < ng < n3 and

n > % > (ni—nj)*+ 2> (ni—mnj)?+125+3s+ 3, then Hgl‘fff;ng
1<i<j<3 1<i<y<3

18 Y -unique.

In Sections 6.5 and 6.6, we investigate the chromaticity of general mul-
tipartite graphs. Many results are obtained on the chromaticity of general

multipartite graphs. We list the main results in the following.

Theorem 1.4.27. Let G = K(ny,n2,n3,ng) and S C E(G) such that n =
ny+ng+mn3+ng and |S| =s>1. Ifn > \/321§i<j§4(ni —n;)? +24s +
4q9(Tna) — 49(G) +4s + 4, then G2, . 1, 5 X-closed.

Theorem 1.4.28. Let G = K(ny,n2,n3,n4) and n = ni +ng +ng+ng. Sup-
pose that ny < ngs <ng <ng, s>1andn > \/3 Zl§i<j§4(ni —nj)? + 24s +
4q(Tha) — 49(G) +4s+ 4. Then

(i) every KiTjKl’s(nl, ng, N3, ng) is x-unique, for any (i,7) if no+ng # ni+ny,
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where i £ j and i,j =1,2,3,4;
(i) every K&Kl’s(nl,ng,ng,m) is x-unique, for any (i,7) if n1 = ny and
ng =ng4, where i # j and i, =1,2,3,4;
—Ki . : . .
(iii) every K; ;" (n1,ma, n3, na) is x-unique, for (i,5) € {(1,2),(2,1), (1,3),
(3,1), (2,4), (4,2), (3,4), (4,3)}.

Theorem 1.4.29. Let G = K(n1,n2,ng,ng) with ny < ng < ns < ny and let
s>1. Ifn> \/3 Di<icj<a(i — nj)? + 24s +4q(Th4) — 4¢(G) + 45 + 4, then

Kf;KQ (n1,ne,n3,nyq) is x-unique, where n = ni + ng + ng + ny.

a

. ——
For convenience, we replace n, n, - - - ,n by axn. For example, K (t; xn, ta X
t1 t2

(n+1)) denotes the graph K (n,n,--- ,n,n+1,n+1,--- ;n+1)and G%(t1 X
t1 t2

n,to X (n 4+ 1)) denotes the family {K(m,n +1,n+1,---,n+1)—
s|ls > 1}. Suppose that K(t; x n,ta x (n + 1)) has ¢ partition sets A; such
that |A;| =n for 1 <i <t¢; and |4;] =n+1for t; +1 <i <t. We denote
Kiijl’S(tl xn,ty x (n+1)) for |[4;| = |4;| =n, Kiijl’S(tl X n,ty X (n+1)) for
g = | A = n+ 1, K (1 x nyta % (n+ 1)) for [A;] = n and |4;] =n+1
and KiTJKI‘S(tl xn,ty x (n+1)) for [A4;| =n+1 and |A;| = n, respectively, by
HKus(n,n), H 5 (n+1,n+1), H Xus(n,n+1) and H K15 (n41,n). Let
HEvs = {HKvs(n,n), H Kvs(n + 1,n + 1), H Krs(n,n 4+ 1), H Kus(n +

1,n)}.

Theorem 1.4.30. Let s > 1, n>2 and ty > 1. If n > s+ 2, then G %(t1 X
n,ty x (n+ 1)) is x-closed.

Theorem 1.4.31. Let G € H5Xus. If s > 1 and n > s+ 2, then G is

X-unique.

Let K(n,n,(t —2) x (n + 1)) have t partition sets A; such that |A;| =
|As] =n and |[A;] =n+1for 3 <i<t.

Theorem 1.4.32. Let G = K(n,n,(t—2)x (n+1)). Ifs>1 andn > s+2,
then KZQSKQ (n,n, (t —2) x (n+ 1)) is x-unique.
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In order to easily find the proofs of the new theorems mentioned in this

introduction, we list here the corresponding theorems in the following chapters.

Theorems of Chapter 1

Corresponding Theorems

Theorem 1.2.6

Theorem 2.2.1

Theorem 1.2.8

Theorem 2.2.2

Theorem 1.2.9

Theorem 2.2.3

Theorem 1.2.10

Theorem 2.2.4

Theorem 1.2.11

Theorem 2.3.1

Theorem 1.2.12

Theorem 2.3.3

Corollary 1.2.2

Corollary 2.3.3

Theorem 1.2.14

Theorem 3.2.2

Theorem 1.2.15

Theorem 3.3.2

Theorem 1.2.16

Theorem 3.4.1

Corollary 1.2.3

Corollary 3.4.1

Theorem 1.2.17

Theorem 3.5.3

Theorem 1.2.18

Theorem 3.5.4

Theorem 1.3.7

Theorem 4.3.3

Theorem 1.3.8

Theorem 4.3.4

Theorem 1.3.9

Theorem 4.4.1

Theorem 1.3.14

Theorem 4.5.1

Corollary 1.3.1

Corollary 4.5.1

Theorem 1.3.15

Theorem 4.5.2

Corollary 1.3.2

Corollary 4.5.2

Theorem 1.3.16

Theorem 4.6.3

Theorem 1.3.17

Theorem 4.6.4

Theorem 1.3.18

Theorem 4.7.1

Theorem 1.3.19

Theorem 4.7.2

Theorem 1.3.20

Theorem 4.7.4

Theorem 1.3.21

Theorem 4.7.5
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Theorems of Chapter 1

Corresponding Theorems

Theorem 1.3.22

Theorem 4.7.6

Theorem 1.4.6

Theorem 5.3.1

Theorem 1.4.7

Theorem 5.3.2

Theorem 1.4.8

Theorem 5.3.3

Theorem 1.4.9

Theorem 5.4.1

Theorem 1.4.10

Theorem 5.4.2

Theorem 1.4.11

Theorem 5.4.3

Theorem 1.4.15

Theorem 5.5.2

Theorem 1.4.16

Theorem 5.5.3

Theorem 1.4.17

Theorem 5.5.4

Theorem 1.4.18

Theorem 5.5.5

Theorem 1.4.22

Theorem 6.3.1

Theorem 1.4.23

Theorem 6.3.2

Theorem 1.4.24

Theorem 6.4.2

Theorem 1.4.25

Theorem 6.4.3

Theorem 1.4.26

Theorem 6.4.4

Theorem 1.4.27

Theorem 6.5.2

Theorem 1.4.28

Theorem 6.5.3

Theorem 1.4.29

Theorem 6.5.4

Theorem 1.4.30

Theorem 6.6.2

Theorem 1.4.31

Theorem 6.6.3

Theorem 1.4.32

Theorem 6.6.4
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Chapter 2

Some Properties of Adjoint
Polynomials of Graphs

2.1 Introduction

We recall the definition of adjoint polynomial of a graph and some of its
important properties. For a graph G with p vertices, if Gy is a spanning
subgraph of G and each component of Gy is a complete graph, then Gy is
called an ideal subgraph of G. Let b;(G) denote the number of ideal subgraphs
of G with p — ¢ components. Then the following polynomial

p—1

WG z) =) bi(G)aP™

1=0

is called the adjoint polynomial of G.

Example 2.1.1. For Cs, we have by(Cs) = 1,b1(C5) = 5,b2(C5) = 5 and
b3(C3) = by(C5) = 0. So, h(Cs,x) = 2° + 5a* + 523,

In 1987, Liu introduced the definition of adjoint polynomials of graphs and

gave some useful properties.

Theorem 2.1.1. (/50]) Let G be a graph with k components G1,Ga,...,G.

Then
k

h(G,z) = [[1(Gi, ).

i=1

29
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For an edge e = vjvy of a graph G, the graph G * e is defined as follows:
the vertex set of G x e is (V(G)\{v1,v2}) U {v}, and the edge set of G * e is
{e'le’ € E(G), € is not incident with v; or ve}U{uv|u € Ng(v1)NNg(ve)}. For
example, let e; be an edge of C4 and es an edge of Ky, then Cyxeq = PobUK,
and K4 * eg = K3.

Theorem 2.1.2. ([51]) Let G be a graph with e € E(G). Then
hG,z) = h(G —e,x) + h(G xe,zx).
In particular, if e = ujus does not belong to any triangle of G, then
MG, z) = h(G —e,z) + zh(G — {u1,u2}, x).

Example 2.1.2. For D5 (see Figure 1.1), by Theorem 2.1.2 it is easy to get
that h(Ds,z) = x° + 5zt + 5a® + 22.

Example 2.1.3. For G = C5U D5, by Theorem 2.1.1 and the above examples

we have
h(G,z) = h(Cs,z)h(Ds, z) = 2'° + 102° + 352% + 5127 + 302° + 527°.

From equations (1.1) and (1.2), one sees that it is not hard to get the
chromatic polynomials of Cs, D5 and Cs U Ds. In fact, it is easy to compute the
chromatic polynomial of a dense graph by computing the adjoint polynomial
of its complement. So, many researchers studied the properties of adjoint
polynomials. Some useful and interesting properties were found by Dong,
Teo, Little and Hendy [27, 28, 29], Du [31, 32], Liu [50-58], Ma [63], Wang and
Liu [73, 74, 75], Ye and Li [79] and Zhao, Hou and Liu [80, 81, 82].

In the second section of this chapter, our main aim is to investigate recur-
sive relations and divisibility of adjoint polynomials of some family of graphs.
As an application of the recursive relations of adjoint polynomials, in Section
2.3 we study uniquely colorable graphs.

For a graph G, we denote by t(G) the lowest term of h(G,x) and by
((GQ) the degree of t(G), i.e., {(G) = 9(t(G)). We denote by hi(G,x) the
polynomial with a nonzero constant term such that h(G,z) = 2% hy (G, ).
For convenience, we denote h(G,z) by h(G) and hi(G,x) by hi(G).
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2.2 The divisibility of adjoint polynomials of some
graphs

Let G be a graph. For w € V(G) and e € E(G), by Gy (P,) (respectively

G.(P,,)) we denote the graph obtained from G and P,, by identifying a vertex

w of G with an end-vertex of P, (respectively by replacing the edge e of G
by P, m)-

Lemma 2.2.1. If m > 3, then
h(Gw(Pm)) = $[h(Gw(mel)) + h(Gw(meZ))}'

Proof. Let uv be a pendant edge of G (P,,) with uv € E(P,,). By Theorem

2.1.2, we have

hGuw(Pr))

WGy (Pm—1))h(K1) + 2h(Gw (P — {u, v}))
[ (Gw(Pn—1)) + M(Guw(Pr—2))].

Theorem 2.2.1. If m > 4, then
h(Ge(Prm)) = 2[M(Ge(Prn-1)) + h(Ge(Prn—2))]-

Proof. Let e = uwv € E(G) and u,v € V(Gc(Py)). Take H = G — e and
F = G — u. Choose a vertex w € V(P,,) such that vw € E(G.(P,)). When
m > 4, by Theorem 2.1.2 we have

W(Ge(Pr)) = MGe(Pr) — uw) + 2h(Ge(Pp) — {u, w}).

Note that G¢(Pp,) — uw = Hy(Pp—1) and Ge(Pp,) — {u,w} = F,(Ppn—2). By
Lemma, 2.2.1, it follows that

h(Ge(Pm)) = x[h(Hy(Pn-2)) + h(Hy(Pn-3))]
a2 [h(Fy(Pr-3)) + h(Fy(Pm-1))]
= z[h(Hy(Pn-2)) + zh(Fy(Pn-3))]
+2[h(Hy(Prn-3)) + 2h(Fy(Pm-4))]
= 2[MGe(Pn-1)) + MGe(Pn-2))]-

By Theorem 2.2.1, we can easily prove the following.
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Lemma 2.2.2. ([58, 62]) (i) For n >3, h(P,) = x(h(Py—1) + h(Pn—2));
(ii) For n > 6, h(Cy) = z(h(Cp-1) + h(Cr—2));

(iii) For n > 6, h(D,,) = x(h(Dn—1) + h(Dp_2));

(iv) For n > 8, h(Fy,) = x(h(Fn—1) + h(F.—2)).

Theorem 2.2.2. Let {g;(x)}; (i > 0) be a sequence of polynomials with inte-
gral coefficients and gn(x) = (gn-1(x) + gn—2(x)). Then

(i) gn(x) = h(Pk)gn—k () + Th(Pr-1)gn—k-1(2);

(ii) h1(Pp)|gn+1+i(x) if and only if h1(Py)|gi(z), for any positive integers n and i.

Proof. (i) By induction on k. Since h(P;) = z and h(P,) = 2?4z, by Lemma
2.2.2(i) we get h(FPp) = 1. Thus, we have

gn(2) = h(P1)gn-1(2) + h(Po)gn-2(x).

So, (i) holds when k& = 1. Suppose that it is true for & < [ — 1. From the
recursive relation of g, (z), Lemma 2.2.2(i) and the induction hypothesis, we
have
gn(z) = 2(gn-1(7) + gn—2(x))
= 2h(P_1)gn-i(x) + 2*h(P_2)gn—1—1(x)+
zh(P_2)gn-1(x) + 2*h(P_3)gn—1-1(x)
= h(P)gn-1(z) + zh(Pi-1)gn—1-1(z).

(ii) From (i), for any integers n and 1, it follows that

gnt1+i(2) = h(Pry1)gi(x) + 2h(Pn)gi-1(2).

It is not difficult to see that (hi(P,),h1(Pns1)) = 1 and (hi(P,),z) = 1 for
n > 2. So, from the above equality we have hi(F,)|gn+1+i(z) if and only if

hi(Pn)lgi(x)- O

Remark 2.2.1. From Theorem 2.2.2 (ii), we have that hy(Pn)|g(ns1)k+i(T)
if and only if h1(Po)|gm+1)(k—1)+i(T), for k > 1. Take m = (n+ 1)k +i and
0 < i < n. Then it follows that hi(Py,)|gm(x) if and only if hi(P,)|gi(x),
where 0 < ¢ < n. The result is used in the proofs of Theorems 2.2.83, 2.2.4 and
2.2.5.
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From Theorem 1.2.4, we have

Lemma 2.2.3. Forn > 2, 9(hi(P,)) = | 2] and ((P,) = 22 ].

Lemma 2.2.4. (i) Fort > 1 andm >4, h(T1 tm) = z[h(T1 t m—1)+h(T1 t m—2)];
(ii) Let n = |V (Th tm)| = m +t+2. Then

2, if t and m are even,
Oh (T t.m) = { LTQLL /

LTJ , otherwise.

(i1i) Let n = |V (Thtm)| = m+t+2. Then

5]
L”THJ , otherwise.

if t and m are even,

Z(Tl,t,m) — {

Proof. (i) This is obvious from Lemma 2.2.1.

(ii) Choose the edge e = uwv € E(T14,,) such that d, = 1 and d, = 3.
By Theorem 2.1.2, h(T1tm) = [h(Pmst+1) + h(P:)h(Py)]. From Lemma
2.2.3, we have O(h1(Pnti41)) = [2EEL | and 9(hi(P)h(Pn)) = [ 2] + | 5.
Clearly, O(hi(Pmit+1)) > O(h1(Pr)h1(Pn)). Noticing that O(h(Pptit1)) =
O(h(Py)h(Py,)) + 1, we have

(P (T tm)) = O(h1(Prma+1)) + 1 for O(ha(Pmtt+1)) = 0(ha(Fr)ha(Pr))

and

O(h1(T1tm)) = O(h1(Pmit41)) for O(h1(Prnet1)) > O(h1(Pe)hi(Pr)).

It is not difficult to verify that O(hi(Pmii+1)) = O(h1(P;)hi(Py)) only if m
and t are even. So, (ii) holds.
Clearly, (iii) follows from (ii). O

Lemma 2.2.5. ([56]) Let 1 <11 <rg andry < s; < sy such thatri+ry = s1+
s2. Then h(PT‘1)h(PT‘2) - h(PS1)h(PS2) = (_1)”J:Tl—Hh(PSl*h*1)h(PS2*T1*1)7
where h(Py) = 1.

Theorem 2.2.3. For k > 1 and t > 1 such that kt > 3, we have that
W Pr1) (Tt kt—3)s R(P)IM(T1 g ktk—1) and h(Pry2) (T 4 +3))-
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Proof. Suppose that go(z) = (—1)th(5f)2 ,g1(x) = (=1)11 MPIR(Pi—g) +h(Pr1)?

22

and g, () = z[gn—1(x) + gn—2(x)]. We have the following claim.

Claim. For n >t + 3, g,(z) = M(T1 ¢t n—t—2).
Proof of the claim: Noticing that h(P;)? = z(h(P;)h(Pi_2) +h(P)h(P;_1)),

from Theorem 2.2.2 and Lemma 2.2.5, we can obtain by calculation that

gir3(x) = h(Pt+%)91 () + zh(Py1)go(x)
= GO M) (3(Py_g)h(Prs2) — h(Pr—2)h(Prs1)]

i
+% ["(Pr—1)h(Pry2) — h(P)h(Pii)]

= h(P3)h(P;) + 23h(P;_1).

By Theorem 2.1.2, h(T1+1) = h(P3)h(P;) + 23h(Pi—1). Thus, giis(x) =
h(Ti41)-

Similarly, from Theorems 2.1.1 and 2.1.2 and Lemma 2.2.5, we can show
that gira(z) = h(T112) = h(Py)R(P;) + 22h(Py)h(P;—1). Using the recursive
relation of g, (x), from (i) of Lemma 2.2.4, we have g, (z) = (T} ¢,—t—2) for
n >t + 3. This completes the proof of the claim.

Using the recursive relation of g (z), from (i) of Theorem 2.2.2, we can
obtain by calculation that g;4o(z) = gr+a(2)=2gria(®) h(Pit2), giy1(x) =

xT

w = zh(P;) and g;—1(x) = (xﬂ)gt“(f)*gt“(m) = zh(P,_1). Clearly,
hi(Pi—1)|gi—1(x), h1(Pe)|gi+1(x), hi(Piy2)|ger2(z). So, by (ii) of Theorem
2.2.2, hi(Pi—1)|gkt+t-1(x), hi(Po)|g@+1)k+t+1(2) and hi(Pig2)|g+3)pte+2()-
Note that g, (z) = h(T1 ¢ n—t—2) for n > t4+3. We have that hq (P—1)|h(T} ¢ kt—3),
hi(P)[h(T1 ¢ ke+k—1) and by (Pey2)|A(Ty ¢ g(e+3))- Thus, from Lemmas 2.2.3 and
2.2.4, it is not difficult to see that A(P;—1)|A(T1 ¢ kt—3), R(P) | (T 4 kt+k—1) and

h(Pt+2)‘h(T1,t,k(t+3))- ([l

Theorem 2.2.4. Forl>2, m>1 and k > 1, we have:

(i) R(P)IW(Ty1.m) if and only if (Lm) € {(3, 4k)};

(i1) h(P)|h(Th 2,m) if and only if (I,m) € {(2,3k — 1), (4,5k)};

(111) h(P)|h(Th 3.m) if and only if (I,m) € {(2,3k), (3,4k — 1), (5,6k)};

() h(P)|h(T1,am) if and only if (I,m) € {(3,4k — 3), (4,5k — 1), (6,7k)};

(v) h(P)|h(T1 5,m) if and only if (I, m) € {(2,3k — 1), (3,4k), (4,5k — 3),
(5,6k —1),(7,8k)};

(vi) h(P)|h(T1,6,m) if and only if (I, m) € {(2,3k), (5,6k—3), (6,7k—1), (8,9k)}.
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Proof. Let go(z) = (—l)th(ff)Q, gi(z) = (—1)'5*1h(Pt)h(Pt;t‘q’,);rh(Pt_l)Q and
gn(x) = x[gn—1(z) + gn—2(x)]. From the proof of Theorem 2.2.3, one can see
that, for n >t + 3, gn(x) = M(T1 1 n—t—2)-

Without loss of generality, assume that n = (I + 1)k + ¢, where 0 <
i < l. By Theorem 2.2.2, see Remark 2.2.1, hi(F})|gn(x) if and only if
hi(Py)|gi(x) for 0 < i < I. Note that g;(z) = h(T1ti—t—2), for I > t + 3.
From Lemma 2.2.3 and (ii) of Lemma 2.2.4, we have 0hi(F;) = [l/2] and
9(gi(x)) = Oh1(T1ti—1—2) < [i/2] < [1/2]. Thus, if hy(P)|h1(T1t,i—t—2),
then 0(h1(F;)) = O(hi(T1,4i—t—2)). Moreover, it must hold that hi(P) =
hi(Thti—t—2). So, by the definition of R;(G) (see the later Section 4.2),
Ry (P;) = R1(T t,i—t—2), which contradicts that Ry (F;) # R1(Th,t,i—t—2). There-
fore, we have that, for { >t + 3, h(P;) fh(T1,ti—+—2). Thus, it is sufficient to
consider the cases in which [ <t + 2.
Case 1. t = 1. Clearly, [ < 3.

By calculation we have that go(z) = —2, g1(7) = z, go(x) = 2% and g3(v) =
h(Ps). It is easy to verify that hy(P)|g;(z) if and only if | =i =3 for2 <1 <3
and 0 <4 < 3. By Theorem 2.2.2(ii), hy(P3)|gak+3(x). Thus, hi(P)|h(T1,1,m)
if and only if I = 3 and m = 4k, where £ > 1. From Lemma 2.2.3 and (iii) of
Lemma 2.2.4, we can obtain that if m > 4, then h(F})|h(T} 1,m) if and only if
[ =3 and m = 4k, for k > 1. This completes the proof of (i).

Case 2. t=2. So, | < 4.

By calculation, it is easy to obtain that go(z) = [h1(P%)]?, g1(x) = —a2,

ga(x) = 222 + 2, g3(x) = 2%h(P,) and g4(z) = x%h1(Py). One can see that
hi(P)|gi(x) if and only if (I,7) € {(2,0),(2,3),(4,4)}, for 2 < [ < 4 and
0 < i < 4. From Theorem 2.2.2 (ii), it is not difficult to see that hi(P2)|gsk+3
and hi(Py)|gsk+a. Hence, hi(P)|h(Th2m) if and only if (I,m) € {(2,3k —
1), (4,5k)}. With a proof similar to that of (i), we know that (ii) holds.
Case 3. t =3. So, [ <5.

By calculation, we have that go(z) = —[h1(P)])?, g1(z) = z(2? + 3z +
3), g2(z) = —2*h(P2), gs(z) = 2°(2x + 3), ga(w) = 2*h1(P3) and gs(z) =
23h1(Ps). One can verify that hq(P)|g;(x) if and only if (1,4) € {(3,0),(2,2),
(3,4),(5,5)}, for 2 <1 <4 and 0 < ¢ < 5. With a proof completely similar to
that of (i), we can show that (iii) holds.
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Similarly, we can show that (iv), (v) and (vi) hold. Here we only give the

expression of g;(x). The details of the proof are omitted.

When t =4, go(z) = [M(P1)]?, 91(z) = —2(23+ 522 + Tz + 1), g2(z) = z(z3 +
42+ 5x+1), g3(z) = —x3h1(P3) 1(z) = 22(22% + 52 + 1), gs(z) = 23h1 (Py)
and go(x) = 2°h1(Fs).

When t = 5, go(z) = —[h1(P5)]%, g1(x) = z(z* + 72® + 1622 + 13z + 4),
g92(2) = —2*(2® +62% + 112 +5), g3(x) = 2h1 (Pa)h1(Ps), ga(a) = —a*hn(Py),
g5(x) = 2%(22° + Tw +4), go(2) = 2*h1(P5) and g7(2) = 2*h1(Pr).

When t = 6, go(z) = [h(Ps)]?, g1(z) = —2 (25 + 92t + 2923 4 4022 + 222 + 2),
go(x) = xhy(P)(z* + 723+ 1522 +92+1), g3(2) = —2(x* 4+ 723 +1622+122+1),
ga(x) = 2% (2* + 623 + 1222 + 9z + 1), gs(z) = —2*h1(Ps), go(x) = 2°(22% +
922 + 9z + 1), g7(x) = —2*h1(Ps) and gs(z) = z*hy (Py).

The proof of the theorem is now complete. O

From Theorem 2.2.4, it is not difficult to see that, for 1 <¢ <6 and n > 2,
h(Py)|h(T1 t,m) if and only if n 4+ 1]t, or n 4+ 1|t + 1, or n + 1|t + 3. So, we
propose the following problem.

Problem 2.2.1. Forn > 2 and m >t > 1, find a necessary and sufficient
condition for h(Pp)|h(Th tm). In particular, is it true that h(Py,)|h(T1 ¢.m) if
and only if n+ 1Jt, orn+ 1t +1, or n+ 1|t + 3%

By Theorem 2.2.2 and Lemma 2.2.2, it is not hard to obtain a sufficient
and necessary condition for h(P,)|h(H), where H € {P,,,Cy,, Dy, F,,, A, Bp }.

Theorem 2.2.5. For n > 2, we have
(i) h(Py)|h(Py) if and only if (n+ 1)|(m + 1);
(ii) h(Py)|h(Cp,) if and only if n = 3 and m = 4k + 2;
(m) h(Pp)|h(Dy) if and only if n =2 and m = 3k 4+ 2, or n =4 and
=5k +3;
(iv) h( ) |h(Fi) if and only if n = 2 and m = 3k+2, orn =4 and m = 5k+2;
(v) h(Pp)|h(Ap)if and only if n =2 and m = 3k + 2;
(vi) h(P,) fh(By,) for alln > 2 and m > 6.
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2.3 Adjoint polynomials of graphs and uniquely col-
orable graphs

Let A be a positive integer. A A-coloring of G is a partition of V(G) into A
color classes such that the vertices in the same color class are not adjacent. If
every x(G)—coloring of G gives the same partition of V(G), then G is said to
be a uniquely x(G)—colorable graph.

For a graph G with p vertices, we denote by a(G,r) the number of r-
independent partitions of V(G), where r = 1,2,--- | p. Clearly, G is uniquely

P A
X(G)-colorable if and only if a(G,x(G)) = 1. Let h(G) = > bi(G)xP~".
i=0

Recalling that b;(G) = (G, p — i), we have that /(G) = x(G) and a(G, x(G))
is the coefficient of ¢(G). Thus, the following basic result follows.

Lemma 2.3.1. Let G be a graph. Then G is uniquely n-colorable if and only
if t(G) = a".

In [12, 13, 14], the unique n-colorability of graphs was studied. Some
results of the unique n-colorability of graphs were obtained. In this section,
we obtain some new results on the unique colorability of graphs by using
properties of the adjoint polynomials of graphs. Furthermore, we generalize
the results in [14].

Lemma 2.3.2. Let m be a positive integer. Then t(K,,) = x.

Definition 2.3.1. ([33/) Let G be a graph with vertex v, and Ng(v) = AU
B and ANB = 0. Then H = (G,v,A,B) is the graph defined as fol-
lows: V(H) = (V(G) — {v}) U{v1,va}(v1,v2 & V(G)) and E(H) = {e €
E(G)le is not incident with v} U {vnulu € A} U{voulu € B}. H s called the
graph obtained from G by splitting vertex v, and we write H = G|,. H is said
to be a vertex splitting graph of G if H is obtained from G by a sequence of

vertex splitting.

Definition 2.3.2. ([33]) For a graph G with A,B C V(G), A and B are said
to be adjacent in G if for any x € A and y € B, we have zy € E(G).

Lemma 2.3.3. (/33]) Let G be a graph with vertex v and H = (G,v, A, B).
Then hi(H,x) = h1(G, x) if and only if A and B are adjacent in G.
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(’ u w \)
\\\\ ) /
G Gly

Figure 2.1

We consider a graph G containing K3 as a subgraph. Let {u,v,w} =
V(K3) € V(G) and dg(v) = 2. Let A = {u} and B = {w}. It is clear
that A and B are adjacent in G, see Figure 2.1. By Lemma 2.3.3, we have
hi(G,z) = h1(Gly, x).

Denote by G(K,,, Ps) the graph obtained from K, and P by identifying
a vertex of K, with a vertex of degree 1 of P,. Clearly G(Ky,, P1) = K.

Lemma 2.3.4. Let s > 3. Then
(i) h(G(Kpm, Ps),z) = x(h(G(Kpm, Ps—1),2) + h(G(Kp, Ps—2),x));

s+1 . .
T2, if s is odd,

s+2 . .
%x 2z, if s is even.

(it) t(G(Km, Ps)) = {

Proof: (i) This is obvious from Lemma 2.2.1.

(ii) By induction on s.

From Lemma 2.2.1, we have that h(G (K, P2),z) = 2(h(Kp, 2)+h(Kpn-_1, 7))
and h(G(Knm, Ps3),z) = ©(h(G(Kp, P2),z) + h(Kpy,x)). So, by Lemma 2.3.2,
we get that

t(G(Kpm, Py)) =22 and t(G(K,, P3)) = 22
Suppose that (ii) holds when s < k, where k > 4. By Lemma 2.2.1,
MG(Em, Pr), x) = 2(h(G(Km, Pr—1), z) + M(G(Kp, Pr—2),z)).

If k is even, then t(G(Kym, P 1)) = 2% and £(G(Kp, Pr_2)) = La
k42
the induction hypothesis. Hence t(G (K, Pr)) = k—fﬂ:%
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If k is odd, then t(G(K,, Pyx—1)) = %x% and t(G(Kpn, Py_s)) = ku;l,
by the induction hypothesis. Therefore t(G(Ky,, Pr)) = 5 0

By Lemmas 2.3.1 and 2.3.4, we prove easily the following results.

Theorem 2.3.1. Let s be an odd integer. Then G(K,, Ps) is a uniquely

st —colorable graph with m + s — 1 vertices.

Corollary 2.3.1. ([14]) For anyn > 1 and m > 2, we have
(i) Py, is a uniquely n-colorable graph with 2n vertices;

(i) Daom+1 18 a uniquely m-colorable graph with 2m + 1 vertices.

Theorem 2.3.2. Let G be a graph with k components G1,Ga,- -+ ,G. Then

G is uniquely n-colorable if and only if each complement G; is uniquely m;-
k
colorable and n =" m,.
=1

Proof: By Theorem 2.1.1, ¢(G) = Hle t(G;). The theorem follows from
Lemma 2.3.1. O

By applying Theorems 2.3.1 and 2.3.2, we can find many families of uniquely
n-colorable graphs with m vertices, where n > 3 and m > 3. So, we have the

following corollary.

Corollary 2.3.2. There exist infinitely many uniquely n-colorable graphs with

m vertices, where n > 3, m > 3 and m > n.

Let v € V(G(Km, Ps)) such that v € V(K,,) and d(v) = m — 1. By
G' (K, Ps) we denote the graph obtained from G(K,,, Ps) by splitting the

vertex v.

Theorem 2.3.3. Let s be an odd integer. Then G(Ky,, Ps) U Ky and G'(K,y,, Ps)

are uniquely %—colomble graphs that are chromatically equivalent.

Proof: Choose A and B such that ANB = () and AUB = V(K,,)\{v}, where
A # () and B # (). Note that A and B are adjacent in G(K,,, Ps). By Lemma
2.3.3, we have hy(G'(Km, Ps),z) = h1(G(Kp, Ps), ). Since

P(G/(Kma Ps)) = p(G(Km, Ps) U K1),
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we have

WG (K, Py), ) = W(G(Km, Ps) U K1, 2).

From Lemma 2.3.4,

s+3 . .

2, if s is odd,
s+4 . .

#:ﬁ 2, if s is even.

8]

t(G/(KTmPS)) = {

The theorem now follows from Lemma 2.3.1. O

Note that there are many ways of choosing A and B such that A and B

are adjacent in G(K,,, Ps). There exist many graphs that are chromatically

equivalent with G(K,,, Ps) U K. Suppose that v is split into two vertices v;
and vy. If d(v1) # 1 or d(vg) # 1, then vy or vy can be split in G'(K,,, Ps).
Hence, we can obtain many graphs that are chromatically equivalent with
G(Kp, Ps) U2K;. Repeating the above procedure, by Theorem 2.3.2 we ob-

tain the following corollary.

Corollary 2.3.3. Let n > 3. There exist infinitely many uniquely n-colorable

graphs that are chromatically equivalent.

Remarks

In this chapter, we investigated recursive relations and divisibility of adjoint
polynomials of some special graphs. Theorem 2.2.1 gave a class of graphs
such that their adjoint polynomials satisfy the recursive relation g,,(x) =
z[gm—1(z) + gm—2(x)] and Theorem 2.2.2 gave a way to find a necessary and
sufficient condition for hq(P,)|gm(x), for n > 2. We obtained some necessary
and sufficient conditions for hi(P,)|h(H), see Theorems 2.2.3, 2.2.4 and 2.2.5.
As an application of the recursive relations of adjoint polynomials, some new
uniquely colorable graphs were obtained in Section 2.3, see Theorems 2.3.1
and 2.3.3. The results in Section 2.2 will be used in Chapters 3 and 4, whereas

the results in Section 2.3 do not play a role in later chapters.



Chapter 3

On the Roots of Adjoint
Polynomials of Graphs

3.1 Introduction

Roots and properties of chromatic polynomials of graphs and the adjoint poly-
nomials of their complements have been studied for several years. In particu-
lar, Brenti, Royle and Wagner [4, 5] investigated the roots and log-concavity
of the coefficients of the adjoint polynomial of a graph. They showed that
h(G, x) has only real roots for many general classes of graphs, such as compa-

rability graphs, triangle-free graphs and so on.

For a polynomial f(z), if a root of f(z) is not real, then the root is said to
be an unreal root. In this chapter, we investigate the minimum real roots of
adjoint polynomials and determine some classes of graphs with unreal roots.
For a graph G, let 3(G) denote the minimum real roots of h(G, z). In Section
3.2, we give some basic results on the minimum real roots of adjoint polynomi-
als of some graphs. We determine in Sections 3.3 and 3.4 all connected graphs
such that the minimum real roots of their adjoint polynomials belong to the
interval [—4,0] and to the interval [—(2 + v/5), —4), respectively. In Section
3.5, we give the way to construct graphs such that their o-polynomials have
at least one unreal root. A problem posed by Brenti, Royle and Wagner [5] in
1994 is solved as well.

41
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For a graph G, let f(G,x) denote the characteristic polynomial of G. We
denote by p(G) the maximum real roots of f(G,z).

3.2 Some basic properties of the minimum real roots

of an adjoint polynomial

In this section, we give some fundamental inequalities and equalities on the
minimum real roots of the adjoint polynomial of G. The following result can
be found in [74].

Theorem 3.2.1. ([7}]) For a tree T, 3(T) = —(p(T))?.

Lemma 3.2.1. (/81]) Let fi(x), fa(x) and f3(z) be polynomials in x with
real positive coefficients. If (i) f3(x) = fo(x) + f1(z) and Ofs(x) — O f1(x) =
1(mod 2), (ii) both fi(x) and fa(x) have real roots, and P < (1, then f3(x)
has at least one real root B3 such that B3 < PBs, where B; denotes the minimum

real roots of fi(x), where i =1,2,3.

Theorem 3.2.2. Let G be a connected graph and let H be a proper subgraph
of G. Then

B(G) < B(H).

Proof. Let ¢ be the number of edges of G. We prove the theorem by induction
on q.

It is obvious that the result holds when ¢ = 1.

Let G be a graph with ¢ > 2 and suppose that the theorem holds when G
has fewer than ¢ edges. Since H is a proper subgraph of GG, we can choose an
edge e in G such that either H is a proper subgraph of G—e or H = G—e. So,
select the edge e in GG such that H is a subgraph of G — e, then by Theorem
2.1.2 we have

h(G,z) = h(G —e,x) + h(G x e, x).

The graph G — e has p vertices and ¢ — 1 edges, and G * e has p—1 vertices
and at most ¢ — 2 edges. Note that G * e is a proper subgraph of G — e and

each connected component of G * e is a proper subgraph of some connected
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component of G — e, if e is a cut-edge of G. By the induction hypothesis and
Theorem 2.1.1, we have

B(G —e) < B(G *e).

Since Oh(G) = Oh(Gxe)+1, from Lemma 3.2.1 we obtain that (G) < B(G—e).
Note that H is a subgraph of G — e, then, by the induction hypothesis, we
have B(G —e) < B(H). So,

B(G) < B(G —e) < B(H).

From Theorem 1.2.5, 3(Cy) = B(Th1,n—2) and B(Dy) = B(T12n-3), for
n > 4. Then the following corollary follows from Theorem 3.2.2.

Corollary 3.2.1. ([75]) (i) For n > 2, B(P,) < B(Pn-1);
(ii) For n >4, B(Cy) < B(Cp-1) and B(Dpy1) < B(Dp);
(iii) Forn >4, B(Dy) < B(Cr) < B(Pp)-

An internal x1xk-path of a graph G is a path xixox3 - - -z (possibly x1 =
x) of G such that d(z1) and d(x) are at least 3 and d(x2) = d(x3) = -+ =
d(zk—1) = 2 (unless k = 2), where d(x;) denotes the degree of the vertex x; in
G.

Lemma 3.2.2. ([21]) Let G4y be the graph obtained from G by inserting a
new vertex on the edge xy of G. If xy is an edge on an internal path of G and
G 2 Uy, for alln > 6, then p(Gyy) < p(G).

Theorem 3.2.3. Let G be a tree. If uv is an edge on an internal path of G
and G % Uy, for alln > 6, then B(G) < B(Guyyp)-

Proof: The theorem follows directly from Theorem 3.2.1 and Lemma 3.2.2. [J

From Lemma 2.3.3 and Figure 2.1, we have

Lemma 3.2.3. Let G be a graph with a triangle vvw and d,(G) = 2. Then

zh(G, x) = h(G|y, x).



44 Chapter 3

For a graph G with a vertex u, the path tree T(G,u) is defined as follows:
T(G,u) is the tree with the paths in G which start at u as its vertices, and
where two such vertices are joined by an edge if one path is maximal subpath
of the other. We call T = T'(G,u) the path tree of G which starts at u. In
order to give some feeling about the construction of a path tree, we would like

to give the following example, see Figure 3.1.

2 12 123 1234
1 3 1 13 ///’ 132
,,,,,,,,,,,,, 9134
N\ .’
4 14 143 1432
G T(G,1)

Figure 3.1

Lemma 3.2.4. ([65]) Let G be a triangle-free graph with u € V(G) and let
T =T(G,u) be the path tree of G which starts at u. Then
h(G —u,z) WT —wu,x)
h(G,z) — WT,z)
Theorem 3.2.4. Let G be a graph without triangles and w € V(G) and let
T =T(G,u) be the path tree of G which starts at u. Then B3(G) = B(T).

Proof. From Theorem 3.2.2, we have
B(G) < (G —u) and B(T) < B(T - u).
By Lemma 3.2.4, 5(G) = B(T). O

Lemma 3.2.5. ([28, 82])
(i) For n > 4, the set of the roots of hi(C,) is

2t —1
—2(1
{—2(1 + cos -

(ii) For n > 2, the set of the roots of hi(P,,) is
21 , n
n+1 2

{—2(1 + cos
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Many graphs used in the rest of this chapter have been shown in Figures
1.1, 1.2 and 1.3.

Lemma 3.2.6.
(i) B(Cy) > —4 forn >3, (P,) > —4 forn >2, B(K, ) = —4;
(ii) B(Dy) > —4 for 4 <n <7, B(Dg) = —4, (Dy) < —4 forn > 9.

Proof: (i) From Lemma 3.2.5, we have that 3(C,) > —4, for n > 3, and

B(P,) > —4, for n > 2. Since hi(K, ) = 2 + 5z + 4, we have (K, ) = —4.
(ii) By Theorem 1.2.4, one checks directly that 5(Dg) = —4. So, by The-

orem 3.2.2, (ii) is true. O

Let Z,, and V,, be two graphs with n vertices, shown in Figure 3.2.

) o o
.« e .« )
o o > o e
J e J °
Zn Vi
Figure 3.2

Lemma 3.2.7. (i) Forn >4, h(Fap+1 U K1) = h(Bpt2)h(Dy);

(ii) For n > 6, h(F, U2K1) = h(Zn42) and h(By, U K1) = h(Vy41);

(i4i) h(A7) = h(B7) = 27 + 725 + 132° + 52%;

() h(As) = h(C3(Pa, P2)) = h(K1 UK );

(v) h(Fy U K1) = h(C4)h(Bg) and h(Ag U K1) = h(T11,1)h(Bs);

(i) h(B1o) = h(As)h(Cy) and h(Bg) = h(Cs(Ps, Py));

(vii) h(F7) = h(Py) (234522 +3x) andh(Fg = h( 5) (204825 +1824+923 +22).
(viii) h(F11) = h(Py)h(A7)(2® + 4z + 1) and h(Fi7) = h(Cs)h(K, )h(Bio).

Proof. (i) We can choose an edge e from Fy,i1 such that Fy,11 —e =
D, UDy,41. By Theorems 2.1.1 and 2.1.2,

h(Fant1) = h(Dp)[A(Dn1) + @h(Dp-1)]-
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Let €’ be a pendant edge of B, 2. From Theorem 2.1.2, we have
h(Bnio) = th(Dyy1) + 22h(Dy_ ).

So, h(F2n+1 U Kl) = h(Bn+2)h(Dn)

(ii) Note that F,, and B, satisfy the condition of Lemma 3.2.3. So, by
Lemma 3.2.3 we know that (ii) holds.

By using Theorems 2.1.1, 2.1.2 and 1.2.4, we can directly verify the equal-
ities (iii) to (viii). O

Theorem 3.2.5. (i) B(An41) < B(An) < —4, B(By) < B(Bp+1) and B(F,) <
B(Fnt1), for alln > 6;

(ii) B(F,) < B(By) < —4, B(Fy,) < B(Dw) and B(By) < (D), for alln > 6
and m > 4;

(iii) B(F,) = B(Bm) if and only if n = 2k + 1 and m = k + 2, where k > 4;

(iv) B(Bs) = B(Ag) < B(As) < B(Br) = B(A7) < B(Bs) < B(Bg) < B(Bio) =
B(A4g), and B(Ay) < B(Bn), for alln > 7 and m > 7, where the equality
holds if and only ifn =m =17;

(v) B(As) = B(Fir), B(A7) = B(Fn), B(Ag) = B(Fy), and B(An) < B(Fw),

for allm > 9 and m > 9, where the equality holds if and only if n =m = 9.

Proof. (i) From Lemma 3.2.6, 3(Cy) > —4. Note that (As) = —4 and
h(As) = z(h(As) + h(Cs)). By Lemma 3.2.1, it is obvious that §(A4g) <
B(As) = —4. By Theorem 2.2.1, it follows that

h(Ap) = 2(h(Ap_1) + h(Ap_s)), for n > 7.

When n = 7, again by Lemma 3.2.1 we have that 3(A7) < B(Ag). Repeating
this procedure for n, n > 8, we have that (A,+1) < B(4,) < —4, for n > 6.
Note that p(T') > 0 for any tree 7. By Theorems 3.2.1 and 3.2.3, we have
that p(Vig2) < p(Vig1) and B(Vy,) = —p*(Vi). Thus B(Vpy1) < B(Vpy2). By
Lemma 3.2.7(ii), 8(By,) < B(Bp+1), for n > 6.
Similarly, from Theorems 3.2.1 and 3.2.3 and Lemma 3.2.7(ii), one shows
that B(F,) < B(Fny1), for n > 6.
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(ii) From Theorem 2.1.2, we can get that
h(By) = x(h(Dp-1) + zh(Dy—3)).

Hence, by Theorem 3.2.2 and Lemma 3.2.1, it is not difficult to see that
B(By) < B(Dp-1). Since B(B,) < B(Dp-1) < B(Dn—2), we have B(B,) <
B(Dy,), for all m < n — 1. By (i), it follows that 3(By) < B(Bm+1) < 5(Dm),
for all m > n.

Similarly, we can show that, for any n > 6 and m > 4, 3(F,,) < 3(Dn,).

By Lemma 3.2.6, 3(Dg) = —4. Thus, by Theorem 3.2.2, we have G(F),) <
B(By) < B(Dg) = —4, for n > 6.

(iii) From Lemma 3.2.7, it is clear that G(Fag+1) = B(Bgt2). By (i), we
have that (iii) holds.

(iv) The following follows from (iii) to (v) of Lemma 3.2.7 and (i) of the

theorem,

B(Bs) = B(Ag) < B(Ag) < B(A7) = B(Br) < B(Bs) < B(Bg) < B(B10) = B(As).

So, again by (i) of the theorem, (iv) is true.
Finally, (v) can be deduced directly from Lemma 3.2.7 and the results from
(i) to (iv) of the theorem. O

Lemma 3.2.8. ([74]) For any n > 2, we have:

(i) M(Tinn+3) = h(Poy1)h(Anis),

(”) h(Tl,n,n) = h(Pn)h(An+2);

(ii3) M(T1 n2n+s5) = MCny2) (11 nt1n42),

(w) h(To2,n) = h(P2)h(Ants),

(v) h(Ty33) = 23h(Ps)(z3 + 622 + 8z + 2),

(vi) B(Tinn) = B(T1n-1n+2) and B(Tinn+1) = B(T1n-1,2n+3)-

Theorem 3.2.6. (i) Forn > 2 and m > 6,
B(T12m+1) < B(Th2m) < B(Th25) < B(Tian) < B(T11n-1)-

(ii) For 3<1<11,n>3 and m > 1+ 3,

BT pmy1) < B(T1am) < B(T11042) < B(Tii-10) < B(T11-1,n-1)-
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(Z’L’L) For'Th € {T1’11712|3 <l <10,l; < lg} and Th € {T1’11712|1 <L < lg}, we
have ﬂ(T1) = ﬂ(TQ) and T1 %\é Tg if and only Zf B(TL?%TL) = ﬂ(Tl,n—l,n-i-Q)
and B(Tinmr1) = B(T1n-1,2n13)-

Proof. (i) and (ii) We denote by A, ; the graph Qq+1p+1,1, as shown in Figure
1.3. By Theorems 2.1.1 and 2.1.2, we have that

h(Tl,h,lQ) = xh(‘Pll+l2+1) + xh(})h)h(PlQ)

and
h(Aap) = 2h(Th 1 aqp+1) + 2h(Py)h(T11p)-

By calculation, we have h(A; 1) = 27 + 62° + 82°. By Theorem 1.2.5(ii),
one can get that h(Aup) = 22h(Coyprs) + 22h(Chy2)h(Py), for b > 2. From
Theorem 1.2.4, by calculation we obtain the coefficients of h(T},, ;,) and
h(Aqp), given in Tables 3.1 and 3.2. For each h(G) in Tables 3.1 and 3.2,

p(G) ,
hMG,z)= > bizP(G) i where P(T10,0,) =l +12+2and p(Agp) = a+b+5.

i=0
Using Software Mathematica, we get the minimum real roots of h(T7, 1,)

and h(Ag,p), given in Table 3.3.

(l1,12) | The coefficients of h(Th, 1,): bo,b1,b2, b3,

(2,5) |1,8,20,17,4

(3,5) | 1,9,27,31,11

(4,6) | 1,11,44,78,59,15,1

(5,7) | 1,13,65,157,188,102, 19

(6,8) | 1,15,90,276, 458,400,164, 24, 1
(7,9) | 1,17,119,443,945, 1159, 776, 250, 29

(8,10) | 1,19,152,666, 1741, 2773, 2636, 1402, 365, 35, 1

(9,11) | 1,21,189,953, 2954, 5812, 7237, 5515, 2393, 515, 41

(10,12) | 1,23,230, 1312, 4708, 11054, 17120, 17216, 10787, 3899, 706,
48,1

(11,13) | 1,25,275,1751, 7143,19517, 36274, 45644, 37982, 19958, 6111,
945, 55

Table 3.1. The coefficients of h(T%, ;,).
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(a,b) | The coeflicients of h(Aq): bo, b1, b, b3, - - -

(1,1) | 1,6,8

(2,7) | 1,13,64, 148,162, 75, 11

(3,7) | 1,14,76,201, 266, 160, 31

(4,9) 1,17,118,430, 880, 1002, 589, 152,13

(5,11) | 1,20,169, 785, 2184, 3718, 3795, 2177, 610, 58

(6,13) | 1,23,229,1293,4556, 10388, 15379, 14443, 8152, 2503, 351,17
(7,15) | 1,26,298, 1981, 8455, 24225, 47328, 62764, 55198, 30744, 10003,

1636, 93

(8,17) | 1,29,376,2876,14421, 49819, 121296, 209304, 253878, 211718,
116689, 39840, 7574, 671, 21

(9,19) | 1,32,463,4005, 23075, 93380, 272734, 581647, 906015, 1020680,
814606, 445093, 157785, 33292, 3585, 136

(10,21) | 1,35,559, 5395, 35119, 162981, 555750, 1414270, 2700775, 3860021,
4085950, 3142790, 1704795, 623400, 143448, 18620, 1140, 25

Table 3.2. The coefficients of h(A,}).

(li,lo) | B(Tia ) | (a,b) | B(Agp)

(2,5) | —4.0000 | (1,1) | —4.00000
(3,5) | —4.09529 | (2,7) | —4.09529
(4,6) | —4.16035 | (3,7) | —4.15875
(5,7) | —4.19353 | (4,9) | —4.18970
(6,8) | —4.21145 | (5,11) | —4.20829
(7,9) | —4.22153 | (6,13) | —4.21937
(8,10) | —4.22736 | (7,15) | —4.22597
(9,11) | —4.23080 | (8,17) | —4.22093
(10,12) | —4.23286 | (9,19) | —4.23232
(11,13) | —4.23411 | (10,21) | —4.23378

Table 3.3. The minimum real roots of h(77,, ;,) and h(A,p).
By Theorems 3.2.2 and 3.2.3, we have

B(Aap) < B(Aapr1) < B(Agpt2) < -+ < B(Agpik), for k> 3, (3.1)
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and
B(Aap) < B(T1,ap+2)- (3.2)

From Table 3.3, one sees that 3(T125) = (A1) and 5(Th35) = F(A27), and
B(T1,141143) < B(Ar2141) for 3 <1 < 10. So, by (3.1) and (3.2) and Theorem

3.2.3, we have:

(a) for l=1,m>6and n > 2, B(T12,m+1) < B(T1,2,m) < B(T1,25) = B(A1,1)
= B(Un) < B(T1,1,n) < B(T1,1,n-1),

(b) for 1 =2, m > 6 and n > 2, B(T1,3m+1) < B(T1,3m) < B(T1,35) = B(A27)
< B(Azn+6) < B(T12n) < B(T12n-1),

(c) for 3<1<10,m>1+4andn>2, B(T1151.m+1) < B(T1141.m) <
B(T1141,43) < B(Ai2141) < B(Apnt2) < B(T1n) < B(T1in-1)-
Thus, from (a), (b) and (c), we know that (i) and (ii) of the theorem hold.

(iii) By (i) and (ii) of the theorem and Lemma 3.2.8(ii), we have:

(d) for m > 6 and n > 2, B(T1 3.m+1) < B(T1,3m) < B(T135) < B(T134)
< B(T33) =B(T125) < B(T11,0) < B(T11,0-1),

(e) for m > 6 and n > 12, B(Th 3m+1) < B(Th3m) < B(T135) < B(T12n) <
B(Ti2n-1) < B(T12,10) < B(T1,2,9) = B(T134) < B(T1,28) < B(T12,7) <
B(T126) < B(T133) = B(T125) < B(T124) < B(T12,3) < B(T1,2,2),

(f) for 3<1<10,m>1+4andn>20+8, B(T1141,m+1) < B(T1141,m) <
BT 141,043) < B(T1am) < B(T1gm—1) < B(T112046) < B(T1141,042) =
B(Ti2045) < B(Tr2144) < - < B(T1pa45) < B(T44) < B(T1a41041) =
B(T1043) < B(Tia42) < B(T1041) < B(T11.),

(g) for I>11,m>1+1and n > 2, B(T1141,m) < B(T1i41,041) < B(T1,12,12)
= B(T1,11,13) < B(T1,10,n), by Lemma 3.2.8(vi).

From (d), (e), (f) and (g), it is not difficult to see that (iii) holds. O

From the theorem, we propose the following.

Problem 3.2.1. Is it true that B(Th1142) < B(Ti1-1n), for all | > 3 and
n>17?
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3.3 Graphs G with 3(G) € [—4,0]

In this section, we determine all connected graphs with 5(G) > —4. For
a >4 and b > 2, we denote by C,(P;) the graph obtained from C, and P,
by identifying a vertex of C, with an end-vertex of P,. For a > 3, b > 2 and
¢ > 2, let uw and w be two different vertices of C,,, we denote by Cy (P, P.) the
graph obtained from C,, P, and P, by identifying u with an end-vertex of P,

and w with an end-vertex of P,., respectively, see Figure 3.3.

Ca(Pb) Ca(Pba Pc)

Figure 3.3

Lemma 3.3.1. (i) B(Cpn(Pn)) < —4, for n > 4 and m > 2, and the equality
holds if and only if n =4 and m = 2;

(i) B(Cn(Pmy, Prmy)) < —4, for n >3 and m; > 2, where i = 1,2, and the
equality holds if and only if n = 3 and my; = mgy = 2.

Proof. (i) We prove (i) by considering the following cases.
Case 1. n =4 and m = 2.
Since h1(Cy(P2)) = 2 + 5z + 4, we have 3(Cy(P2)) = —4.

Case 2. n =4 and m > 3.
Clearly, C4(P2) is a proper subgraph of C4(P,,). We have 5(C4(P,,)) < —4,
by Theorem 3.2.2.

Case 3. n > 5 and m = 2.
Note that h1(C5(P;)) = 234622 +8x+1. By calculation, 3(Cs(P,)) < —4.
When n > 6, it follows, from Theorem 2.2.1, that

B(Co(P2)) = £(h(Co1(P2)) + h(Cral(P2)).
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Since B(C5(Ps)) < B(Ca(P2)) = —4 and Ih(Co(Ps)) = d(zh(Cps(P2))) — 1,

we know, from Lemma 3.2.1, that
B(Cn(P2)) < B(Crn-1(P2)) <--- < B(Ca(Pr)) = —4.

Case 4. n > 5 and m > 3.

Since C),(P,) is a proper subgraph of C,(P,,), by Theorem 3.2.2 we have
B(Co(P)) < —4.

From Case 1 to Case 4, we have that, for n > 4 and m > 2, (Cy(Py)) <
—4 except for B(C4(P2)) = —4. This completes the proof of (i).

(ii) We distinguish the following cases.

Case 1. n =3 and m1 = my = 2.
By calculation, we have that hi(Cs(P, P2)) = 2% + 52 + 4. So, we get
easily that 5(C3(Pe, P2)) = —4.

Case 2. n =3 and my > 3, or mg > 3.

It is not hard to see that C3(Py, P») is a proper subgraph of C3(Py,,, P, ),
for n =3 and m; > 3, or n = 3 and mo > 3. It follows, from Theorem 3.2.2,
that 5(C3(Ppy, Pm,)) < —4.

Case 3. n >4, mp > 2 and mo > 2.
Obviously, Cy,(Pp,, Pn,) must have a proper subgraph Cy(FP,,,), where
my > 2 and n > 4. By Theorem 3.2.2 and (i), we have 5(Cy, (P, , Pm,)) < —4.
From the above cases, it is not difficult to see that, for n > 4, mq > 2 and
ma > 2, B(Cn(Pmy, Pmy)) < —4 except for 3(Cs(Pa, Pr)) = —4. O
Lemma 3.3.2. ([19, 21]) Let T be a tree. Then
(i) p(G) = 2 if and only if

Ge{Ti25Tr22,Ti133, K14} UU.

(i1) p(G) < 2 if and only if G € {K1,T12;

i=2,3,4yUPUT,.

Theorem 3.3.1. Let G be a connected graph without triangles. Then
(i) B(G)= —4 if and only if

Ge{Tip5, 1222, 1133, Ki14,Ca(P)}UU,

(i1) B(G) > —4 if and only if G € {K1,T12,

i=2,34UPUCUT.
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Proof. We prove the theorem by distinguishing the following cases.

Case 1. G is a tree.
By Theorem 3.2.1, 3(G) = —(p(G))%. The theorem follows from Lemma
3.3.2 immediately.

Case 2. G is a connected graph without triangles and ¢(G) > p(G).

If p(G) > 6 and G 2 C,, then G must contain either a subgraph C,,(P),
where n > 5, or a proper subgraph Cy(FP2). By Theorem 3.2.2 and Lemma
3.3.1, we have that 5(G) < B(C4(P2)) = —4, or B(G) < B(Cr(P2)) < —4, for
n > 5. If p(G) <5 or G = C,, then G must be C, or Cy(P,). By Lemmas
3.2.6 and 3.3.1, B(Cy,) > —4, for n > 3, and F(Ca(P»)) = —4. Hence if G is a
connected graph without triangles and ¢(G) > p(G), then §(G) = —4 if and
only if G = C4(P2) and B(G) > —4 if and only if G = C,,, where n > 3.

This completes the proof of the theorem. O

Theorem 3.3.2. Let G be a connected graph. Then
(i) B(G) = —4 if and only if

Ge{Ti25,T222,T133, Ki4,Cs(P2),C3(Po, ), K, ,Dg} UU;
(i) B(G) > —4 if and only if
G e {Kl} U {T1?27i|i = 2,3,4} @] {D1|Z = 4,5,6,7} UPUCUT;.

Proof. Suppose that G is a graph without triangles. Then, from Theorem
3.3.1, the theorem holds.

Suppose that G contains only one triangle. It is not hard to see that any
graph G, except for D;, 4 < i < 8, C3(P2, P») and (3, contains a proper
subgraph G* such that G* € {Dg,C3(Ps, P2), K14,Unln > 6}. By Lemma
3.2.6, we have that 3(Dg) = —4, 3(D;) > —4, for i = 4,5,6,7, and 5(C3) >
—4. Note that 5(C3(P2, P2)) = B(K14) = B(U,) = —4. Hence the theorem
follows from Theorem 3.2.2.

Suppose that G contains at least two triangles. Then, any graph, except
for K, , must contain a proper subgraph G* such that G* € {U,,, C3(P», P»),
K, ,Ky4|n > 6}. Since (G*) = (K, ) = —4, by Theorem 3.2.2 we have that
the theorem holds. O
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From Theorem 3.3.2, we have the following corollaries.

Corollary 3.3.1. Let G be a connected graph. Then 3(G) > —3 if and only
if G € {P2, P3, Py, P5,C3,T1 11, K1}

Theorem 3.3.2 means that the minimum real roots of o(G, x) are greater
than or equal to —4 if and only if each component of G is one of subgraphs of

the following graphs:
Tio5,1222, 1133, K14,Cs(P2), C3(Ps, ), K , Dg, Uy 3, Cp, where n > 3.

Corollary 3.3.2. Let G be a connected graph with 3(G) > —4. Then all the

roots of (G, z) are real.

3.4 Graphs G with 3(G) € [—(2+/5), —4)

In this section, our goal is to determine all connected graphs with 8(G) €
[—(2+/5),—4). Let T, p. and Q,p. be the graphs shown in Figure 1.3. The

following lemmas can be found from [19, 20].

Lemma 3.4.1. ([19]) If G is a tree, then 2 < p(G) < (2+v/5)Y? if and only
if G is one of the following graphs:
(i) Tijp fori=1,j=2k>5,ori=1,7>2k>3, ori=j=2k>2,
ort=2,7=k=3.
(i) Qusp for (i) € {(2,1,2), (3,4,2), (3,5,3), (4,7, 3), (4,8,4)},
ori>2,j5>75%(i,k),k>1 where (i,k) # (2,1) and
i+k+1 for i>4,
J*(i,k) =< 3+k for i=3,
k for i=2.

From Theorem 3.2.1 and Lemma 3.4.1, we have

Lemma 3.4.2. If G is a tree, then —(2 +/5) < B(G) < —4 if and only if G
is one of the graphs listed by Lemma 3.4.1.

Lemma 3.4.3. (/20]) Let G % Ki4. If G is a connected graph with at
least three vertices of degree 8 or with at least one vertex of degree 4, then

p(G) > (24 V5)'/2.
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Lemma 3.4.4. Let G be a connected graph with at least three vertices of
degree 3 or with at least one vertex of degree 4. If G is not a tree, then

B(G) < =(2+ V).

Proof. Suppose that G has at least one vertex of degree 4 and G is not a tree.

Then G must contain a subgraph @;, as shown in Figure 3.4, where ¢ = 1, 2.
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Figure 3.4

By calculation, we have that h1(Q1) = h1(Q2) = 2?+5x+3 and hy(K4) =
h1(Q3) = h1(Q4) = 2% + 622 + Tz + 1. It is not hard to verify that 3(Q;) <
—(2 ++/5), for each 3. From Theorem 3.2.2, the lemma follows.

Suppose that G has at least three vertices of degree 3 and G is not a tree.

We distinguish the following three cases:

Case 1. G is a triangle-free graph.

Let u, v and w be three vertices of degree 3 in G and let Ng(u) = {v1,w,u'},
Ng(v) = {v;,v',v"} and Ng(w) = {wj,w',w"}. Let T = T(G,u) be the path
tree of G which starts at u. Since G is connected, we assume that uvivs - - - v;v
(respectively uwiws - - - wjw) is a shortest path between u and v (respectively u
and w). Clearly, v # v;. One sees that v/ # v and v’ # vy, fort =1,2,--- ,i—1
(otherwise wv; ---vv is a shorter path than wvjvg---v;v, which is a con-
tradiction.). Thus, we have that v/,v"” ¢ {u} U {w|t = 1,2,---,i} and
wiw” & {ufUfwlt =1,2,---, 7} It is not hard to see that (u), (uvive - - - vv)
and (uwiws - - - wjw) are three different vertices of degree 3 in the path tree T
of G. From Lemma 3.4.3 and Theorem 3.2.4, it follows that 3(G) = 5(T) <

—(24+V5).

Case 2. (G contains three vertices of degree 3, say w1, ve,v3, such that v, vo

and v3 are vertices of the triangle vivqus.
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It is not difficult to see that G must contain a subgraph H such that
H € {K4,Q3,Q4}. Since 3(H) < —(2 + v/5), by Theorem 3.2.2 we have
B(G) = B(H) < —(2+ V5).

Case 3. G has triangles and each triangle of G contains at least one vertex of
degree 2. By splitting a vertex of degree 2 of each triangle in G until the graph
does not contain triangle any more, we obtain a graph H. By Lemma 3.2.3,
it follows that hi(H) = hi1(G). Clearly, H contains at least three vertices of
degree 3 and has no triangle. So, by Case 1, 3(G) = B(H) < —(2++5). O

Lemma 3.4.5. Let G be a connected graph with only one vertex of degree &
and with at least one cycle. Then —(2++/5) < B(G) < —4 if and only if G is
one of the following graphs: G = Cs(Py), forb > 17, or G = Co(P2), fora >5,
or G = Cy(P3), where Cy(Py) is the graph shown in Figure 3.5.

Proof. Clearly, G is connected and has only one vertex of degree 3 and at
least one cycle if and only if G = Cy(F,), where ¢ > 3 and b > 2.

Suppose a = 3. From Theorem 1.2.5, h1(Cy(F)) = hi(T12p-1). From
Lemma 3.4.2, 3(Ty2p-1) € [-(2+ V/5), —4) if and only if b > 7.

Suppose a > 4. Then Cy(P,) does not contain a triangle. Let v € V(G)
and d(v) = 3 and let T = T(G,v). From Theorem 3.2.4, (G) = (T) and
T =Ty 14-1p—1. From Lemma 3.4.2, —(2 + V5) < B(T) < —4 if and only if
a=4and b=3 or b=2and a > 5. So, from Theorem 3.2.4, we have that
—(24V5) < B(Co(Py)) < —4 if and only if a = 4 and b = 3 or b = 2 and
a > 5.

From the above arguments, the lemma follows. O

In the rest of this section, we use the following graphs shown in Figure 3.5.

Lemma 3.4.6. Let G be a connected graph with only two vertices of degree 3
and at least one cycle. Then, —(2++/5) < B(G) < —4 if and only if G is one
of the following graphs:

(i) C3(P2, P3);
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Figure 3.5

(ii) Py(a,b) fora=b=3 and n > 5.
(iii) Cp(a,b,c) fora=1,n=3 andb=5andc=3, orb>1ifc=1,
orb>4ifc=2, orb>c+3ifc>3.

Proof. Let G be a connected graph with only two vertices of degree 3 and at

least one cycle. Then G is one of the following graphs.
Ca(Pby PC)7 P’rl(a7 b)7 Cn(a7 b7 C)7 W(CL, b7 C)7

where Cy (P, P.) is the graph shown in Figure 3.3 and the others are the
graphs shown in Figure 3.5.

We distinguish the following cases:

Case 1. G hasno triangle and G € {C, (B, P.), Py(a,b), Cy(a,b,c), W(a,b,c)}.

Obviously, G must contain at least one cycle of length at least 4. Now
we choose a vertex x in G such that the path tree T'= T'(G, x) which starts
at x contains at least three vertices of degree 3. For P,(a,b) and Cy(a,b,c),
take = v, shown in Figure 3.5. For C,(P, P.), take x = v if ww is an
edge of Cy(PBy, P.), otherwise x = w, shown in Figure 3.3. For W(a,b,c), we
choose a vertex of degree 3 as x if min{a,b,c} > 1, otherwise z is a vertex of
degree 2 in W(a, b, ¢). Recalling that every G has no triangle, we see that each
T = T(G,x) contains at least three vertices of degree 3. Thus, by Theorem
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3.2.4 and Lemma 3.4.4, we have 3(G) = B(T) < —(2 + V/5).
Case 2. (G has some triangles.

Case 2.1. Cy(Py, P.) and a = 3.

Splitting the vertex of degree 2 in C5 of Cy(PFy, P,), from Lemma 3.2.3 we
have hi(Co(Pp, P.)) = h1(Qp1,c—1). By Lemma 3.4.2, there is only one graph
Q212 such that 3(G) = 3(Q212) > —(2+ v/5). So, b =2 and ¢ = 3. Hence
B(C3(Py, P3)) > —(2 + +/5), which is (i).

Case 2.2. Cp(a,b,c) and n = 3.

Let H be the graph obtained from C)(a,b, c) by splitting the vertex v of
degree 2 in C5. By Lemmas 3.2.3 and 3.4.2, we have that if min{a,c} > 2,
then 3(G) = B(H) < —(2 +/5). So, min{a,c} = 1. Assume that a = 1.
Then H = Q3. and B(C3(1,b,c)) = B(Q3p,c). Note that Q3pc = Qcr1p2-
By Lemma 3.4.2, it follows that 3(Qs4.) > —(2 +V/5) if and only if b = 5
andc=3,orb>1forc=1,0r b>4forc=2,orb>c+ 3 for ¢ >3, which
implies that (iii) holds.

Case 2.3. P,(a,b)) and a =3 or b= 3.

Suppose that P, (a,b) has exactly one triangle, say a = 3 and b > 4. Let H
denote the graph obtained by splitting the vertex v of degree 2 in C3 of P, (a, b).
By Lemma 3.2.3, hi(H) = h1(P,(a,b)) and H € {Cy(1,n—1,2)|n > 4,b > 4}.
From the proof of Case 1, we have (H) < —(2 ++/5) for each H.

Suppose that P,(a,b) has exactly two triangles. Clearly, a = b = 3. Split-
ting a vertex of degree 2 in each C3 of P,,(a,b), we get the graph Q3 ,—12. From
Lemma 3.2.3, h1(P,(3,3)) = h1(Q3n-12). By Lemma 3.4.2, 5(Q3,-12) >
—(2 4 v/5) if and only if n > 5, which is (ii).

Case 2.4. W(a,b,c).

Suppose that W (a,b,c) contains only one triangle. Assume that a > 2,
b =1 and ¢ = 0. Splitting the vertex of degree 2 in C3 of W(a,b,c), by
Lemma 3.2.3 we get a graph H without triangles such that hy(H) = hi(G)
and H € {Cyy2(P2, P2)}. By the proof of case 1, there is no graph H such
that B(H) > —(2+ /5).

Suppose that P,(a,b) contains exactly two triangles. Then W(a,b,c) =
K . It can be verified that S(K; ) = —4.
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From the above arguments, we know that the theorem holds. O

From Lemmas 3.4.2, 3.4.4, 3.4.5 and 3.4.6, we find all connected graphs
with —(2 4 v/5) < B(G) < —4. Note that C3(Py) = Dy, o, for b > 2, C,(P2) =
Agy1, for a > 4, and P, (3,3) = Fj 44, for n > 2. So, we have

Theorem 3.4.1. Let G be a connected graph. Then —(24/5) < B(G) < —4
if and only if G is one of the following graphs:
(i) Tope fora=1,b=2,¢>5, ora=1,0>2,c>3, ora=b=2,¢c> 2,
ora=2b=c=3;
(11) Qap,c for (a,b,c) € {(2,1,2),(3,4,2),(3,5,3),(4,7,3),(4,8,4)},
ora>2b>b"(a,c),c>1, where (a,c) # (2,1) and
a+c+1 for a>4,
b*(a,c) =4 3+c for a=3,
c for a=2;
(iii) Dy, for n >9;
(iv) Ay, forn > 6;
(v) F,, forn >9;
(vi) Cs(a,b,c) fora=1,b=5andc=3, ora=1andb>1ifc=1,
ora=1andb>4ifc=2, ora=1andb>c+3ifc>3;
(vit) G = Cy(P3), or G = C3( Py, P3).

From (1.1) and Theorem 3.3.2, we have

Theorem 3.4.2. Let G be a connected graph with the minimum real roots of
its o-polynomial in the interval [—(2+/5), —4). Then, every component of G
is one of the graphs listed in Theorem 3.4.1.

Corollary 3.4.1. Let G be a connected graph with 3(G) > —(2 ++/5). Then

all the roots of o(G, ) are real.

3.5 The complex roots of adjoint polynomials of

graphs

For a graph G with n vertices, if (G, z) has at least one complex root, then
G is said to be a o-unreal graph. We define n(G) = |E(G)|/(}), where n(G)
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is said to be the edge-density of G. We denote by n(n) the minimum edge-
density over all o-unreal graphs with n vertices. In [5], Brenti, Royle and
Wagner determined all o-unreal graphs with 8 and 9 vertices. Furthermore,

they proposed the following problem.

Problem 3.5.1. ([5]) For a positive integer n, let n(n) be the minimum edge-
density over all o-unreal graphs with n vertices. Give a good lower bound for
n(n). In particular, is there a constant ¢ > 0 such that n(n) > ¢ for sufficiency

large n?

In this section, we study the unreal roots of o(G, x) by applying the results
of adjoint polynomials. We establish a way of constructing o-unreal graphs

and give a negative answer to Problem 3.5.1.

If all roots of h(G, z) are real roots, then G is called h-real, otherwise G is

called h-unreal. From (1.1), we have
Lemma 3.5.1. For any graph G, G is h-unreal if and only if G is o-unreal.

Let H and G be two graphs and let v € V(H) and u € V(G). By G!,(H,)
we denote the graph obtained from G and t copies of H and a star Ki; by
identifying every vertex of degree 1 of K ; with vertex v of a copy of H and

identifying the center of K ; with vertex u of G, see Figure 1.4.
Lemma 3.5.2. Let H and G be two graphs and let v € V(H) and u € V(G).
Then

teh(H — v, x)

WGy (Hy) ) = [W(H, 2))" |h(G, ) + ==

h(G — u,x)

Proof. By induction on t. When ¢t = 1, by Theorems 2.1.1 and 2.1.2 we have

MGu(Hy),z) = h(H,z)h(G,z)+ zh(H —v,2)h(G — u, z)
= [h(H,2)][h(G, 2) + DD — v, 2)].

Suppose that the result holds for k, £ > 2. By Theorems 2.1.1 and 2.1.2,

h(GEY(HY), x) = WGE(H,), z)h(H, ) + zh(H — v, z)[h(H, z)]* (G — u, z).
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By the induction hypothesis, we have

h(GEYY(H,),z) = [h(H,2)]*'h(G,z) + zk[h(H, z)]*h(H — v, ) x
h(G —u,z) + xh(H — v, z)[h(H, z)]* (G — u, z)

= [A(H, @) [A(G,2) + I (G, )]

0

The following two theorems follow directly from Theorems 2.1.1 and 2.1.2,
and Lemmas 3.5.1 and 3.5.2.

Theorem 3.5.1. Let H be a o-unreal graph and let G be a graph with k
components G1, Ga, ..., Gy. Then HU (U¥_,G;) is o-unreal.

Theorem 3.5.2. Let H be a o-unreal graph and let G be an arbitrary graph,

and letv € V(H) and u € V(Q). If t > 2, then Gt,(H,) is o-unreal.

We now construct two classes of o-unreal graphs such that n(G) — 0 as

n — oQ.

Class 1. Let H be a o-unreal graph with m vertices, where m is a constant.
By Theorem 3.5.1, Ky, U H is o-unreal. Since

(n—m)m < |E(Kp—m UH)| < (n—m)m+ (7;)

and V(K,—,m, UH) =n, we have n(K,_, UH) — 0 as n — oo.

Class 2. Let H be a o-unreal graph with m vertices and G = K,,_4m, and let
v € V(H) and u € V(G), where m and t are constants. By Theorem 3.5.2,

G!t,(H,), for t > 2, is o-unreal. Since

t(n — tm)m + <t>m2 —t < |E(GE(H,))| < t(n—tm)m + <;>m2 + (m>t—t

2 2

and V(GL(H,)) = n, we have n(G,(H,)) — 0 as n — oc.

In [5], all o-unreal graphs with 8 and 9 vertices, namely, 2 o-unreal graphs

with 8 vertices and 22 o-unreal graphs with 9 vertices, were given. Without
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loss of generality, assume that H is a graph with m vertices such that H is a
o-unreal graph. Since n is arbitrarily large, we may assume n > tm-+1 for any
positive integer ¢t. Take H; = K;,—jm, where i = 1,2,...t. Let v € V(H). By
HZ(HU) we denote the graph obtained from H; and 7 copies of H and a star
K1 ; by identifying every vertex of degree 1 of K7 ; with vertex v of a copy of
H and identifying the center of K ; with a vertex of H;, where ¢ =2,3,...,t.
Note that |V (H; U H)| = |V(H!(H,))| = n. From the above discussion, it is
not difficult to see that

(i) HHUH, H3(H,), H}(H,), ..., H{(H,) is a o-unreal graph sequence,
i.e., each graph of the graph sequence is og-unreal;

(ii) n(Hy UH) — 0 and n(H{(H,)) — 0 as n — oo, where i = 2,3,...,t.

Therefore, from the definition of n(n), it is clear that n(n) — 0 as n — oco. So,

we have the following result.

Theorem 3.5.3. Let H be a graph with m vertices and v € V(H) such that
H is o-unreal. Let t be a positive integer and H; = K,,_mi. Then there exists
a o-unreal graph sequence Hy U H, H3(H,), H3(H,), ..., H{(H,) such that
n(Hi UH) — 0 and n(H!(Hy)) — 0 asn — oo, where i = 2,3,...,t, moreover

n(n) — 0 as n — oo.

It is obvious that Theorem 3.5.3 answers Problem 3.5.1 negatively.

For any rational number ¢ = g with 0 < ¢ < 1, p and g are positive
integers and p < ¢g. In the following we construct two classes of graphs G
such that n(G) — ¢ as n — oo. Let s be a constant. Without any confusion,
we simply denote by K, — s the graph obtained by removing s edges from
K. Since q(Ky—tm) > §[(n — m)? — s1], for sufficiency large n, we may take
G = Kpm—§l(n—m)? —s1] and F = K,y — §[(n — tm)? — s3], where
2q|[(n—m)? — s1] and 2q|[(n —tm)? — s3], 0 < 51, 82 < 2¢. Let H be a o-unreal
graph with m vertices, and let v € V(H) and v € V(F'). By Theorem 2.1.1
and Lemma 3.5.1 we have that Gy = G U H and Gy = F}(H,) are o-unreal
graphs with n vertices, where ¢t > 2. Note that

(n—m)m—i—g[(n—m)z—sl] < |E(G1)| < (n—m)m+ (g) —i—%[(n—m)Q—sl]
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and

(n —tm)m+ <;>m2+;[(n —tm)? — s5] — t<|E(Ga)| <

(n — tm)m+ <;) m?+ (?>t+;[(n —tm)? — s9] — .

Since m, s1, s2, ¢ and t are constants, we have

1 (G1) _ | £l(n—m)? — s1] _.
n—oo (g) n—oo n(nz_l)
and . )
4 —¢ —
lim EX = lim 2 [(r n(:ji) 52] _
Hence

lim n(Gp) = lim n(Gz) =c.
n—oo n—oo
From the above argument, we have the following result.
Theorem 3.5.4. Let H be a graph with m vertices and v € V(H) such that
H is o-unreal. Lett be a positive integer and H; = K,_m; — %[(n —im)? —s;],
where i = 1,2,...,t and (n — im)? = s;(mod 2q). Then for any rational

number 0 < p/q < 1, there exists a o-unreal graph sequence Hy U H, H2(H,),

H33(Hv), ..., H{(Hy,) such that n(Hy UH) — p/q and n(HZ(Hv)) — p/q as

n — oo, where 1 = 2,3,...,t. O

Remarks

In this chapter we studied some properties of the roots of adjoint polynomials.

Firstly, we gave two basic equalities in Theorems 3.2.1 and 3.2.4. Theorem
3.2.1 established an equality between the minimum real roots of the adjoint
polynomial of a tree with the largest roots of its characteristic polynomial.
Theorem 3.2.4 also established an equality between the minimum real roots of
the adjoint polynomial of a graph without triangles with those of the adjoint

polynomial of its path-tree. By using these theorems, we translated some
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results on the largest roots of characteristic polynomials of trees to those on
minimum real roots of their adjoint polynomials, see Theorems 3.2.3 and 3.3.1
and (i) and (ii) of Theorem 3.4.1.

Secondly, we obtained a basic inequality on the minimum real roots of the
adjoint polynomials of a graph and of its proper subgraphs in Theorem 3.2.2.
By employing Theorem 3.2.2 and the results above, we gave some inequalities
on minimum real roots of the adjoint polynomials of some graphs used in
Chapter 4, see Theorems 3.2.5 and 3.2.6, and determined all connected graphs
such that the minimum real roots of their adjoint polynomials belong to the
interval [—4,0], see Theorem 3.3.2, and to the interval [—(2 + v/5), —4), see
Theorem 3.4.1. The results in Sections 3.2 to 3.4 will play an important role
in Chapters 4 and 5.

Finally, in Section 3.5 we gave a method to construct graphs such that
their o-polynomials have at least one complex root. A problem posed in 1994
by Brenti, Royle and Wagner in Canadian Journal of Mathematics was solved
in Theorems 3.5.3 and 3.5.4. The results in this section are not used in the

coming chapters.



Chapter 4

The Chromaticity of Some
Dense Graphs

4.1 Introduction

Since the notion of chromatically unique graphs was first introduced by Chao
and Whitehead [8] in 1978, many classes of chromatically unique graphs have
been found by employing the chromatic polynomials of graphs [43, 44] and
the adjoint polynomials of their complements [58]. In fact, the chromatic
polynomials of graphs are more useful than the adjoint polynomials of their
complements when studying the chromaticity of sparse graphs, whereas the
adjoint polynomials of the complements of graphs are more effective than
their corresponding chromatic polynomials when studying the chromaticity of
dense graphs. On the other hand, many algebraic properties of the adjoint
polynomials, such as the recursive relations, divisibility, reducibility over the
rational number field and so on, are very useful in the study of chromaticity
of the complement of a sparse graph. Indeed, many classes of chromatically
unique graphs have been found by applying these properties, see [29] and
[58, 62]. In particular, Liu and Li proved that if G = U; P,,, then K,, — E(G)
is x—unique when P, is irreducible [52, 60]. In [58], Liu conjectured that
P, is x-unique if n # 4 and n is even. Du obtained that if G is a 2-regular

graph without Cy4 as its subgraph or G is UlePnz., where n; is even and

65
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n; # 4(mod 10), then G is y-unique [32]. Ye and Li [79] characterized all
adjointly equivalent graphs of P, for n > 1. Very recently, Dong, Teo, Little
and Hendy in [29] investigated the chromaticity of complements of H; = aK3U

bDsU |J P,U U Cyy, wherea,b > 0,u; > 3,u; # 4(mod 5),v; > 4, and of
1<i<s 1<5<t
Hy = roK1Ur1 K3UJ a;Pa;, where 79, r1,a;,9 > 0. They obtained a necessary

and sufficient condition for H; to be chromatically unique, where i = 1, 2.
Our main goal in this chapter is to investigate the chromaticity of some
dense graphs by using results obtained in the preceding two chapters. In
Section 4.2 we give some basic results on adjoint polynomials. In Section 4.3,
we establish a necessary and sufficient condition for chromatic uniqueness of
graphs G with §(G) > |V(G)| — 3 and of the graphs U;U,,, where n; > 6. In
Section 4.4 a necessary and sufficient condition for two graphs H and G with
B(G) = B(H) > —4 to be adjointly equivalent is obtained. Two conjectures
proposed by Dong, Teo, Little and Hendy are solved. In Sections 4.5 to 4.7,

we obtain some new results on the adjoint uniqueness of graphs.

4.2 Some basic results

In this section, we introduce some basic results used in this chapter. Let G
be a graph with ¢ edges. The character (or invariant R;(G)) of a graph G is
defined as

0, if ¢ =0,

Ri(G) =
1(G) {bQ(G)—(b1<(§>‘1)+1, if ¢ >0,

where b1 (G) and ba(G) are the second and the third coefficients of h(G), re-

spectively.

Lemma 4.2.1. ( [50]) Let G be a graph with k components G1,Gs,...,Gg.
Then

It is not hard to see that Ri(G) is an invariant of graphs. So, for any two
graphs G and H, we have R1(G) = R1(H) if h(G,z) = h(H,z) or hi(G,z) =
hi(H,z).
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Lemma 4.2.2. ([31, 62]) Let G be a connected graph and e € E(G). Then
Rl(G) = Rl(G — 6) — dG(E) + 1.

Lemma 4.2.3. ([31]) Let G be a connected graph with p vertices. Then

(1) Ri1(G) <1, and the equality holds if and only if G € {P,, K3|p > 2}.

(11) Ri(G) = 0 if and only if G € {K1,Cyp, Dp, T}, 151510 > 4,1; > 1,i =1,2,3}.
(i1i) R1(G) = —1 and q(G) > p(G) + 1 if and only if G € {F)|p > 6} U{K, }.
(iv) R1(G) = =2 and q(G) > p(G) + 2 if and only if G = K.

Lemma 4.2.4. ([51, 58]) Let G be a graph with p vertices and q edges. De-
note by M the set of vertices of the triangles in G and by M (i) the number
of triangles which cover the vertex i in G. If the degree sequence of G is
(dy,da,ds,- - ,dp), then
(i) bo(G) = 1,b1(G) = ¢;
(i) 1) = (*1') = 2 + Na(G):
(iii) by(G) = ba(®+3q+4) - B2 Y @41 dd+ X didj— 3 M(i)di+
i=1 i=1 ijEE(G) ieM
(¢ 4+ 2)Na(G) + N(Ky), where bo(G), b1(G), b2(G), b3(G) are the first four
coefficients of h(G,x) and N(Ky4) is the number of subgraphs isomorphic
to K4 in G.

Lemma 4.2.5. ([32]) If m; > 3 and m; # 4, then U;Cy,, is x —unique.

Lemma 4.2.6. ([82]) Ifn > 2, then hi(P,) is irreducible if and only if n =3

orn—+1 1s prime.

4.3 The chromaticity of graphs G with 6(G) > |V(G)|—
3

By using some properties of the adjoint polynomials of graphs, the authors
in [27-29] and in [51-62] gave many chromatically unique graphs. One can
see that most of the chromatically unique graphs are graphs of the form U; H;
such that H; € {K1, P,,Cyy|n > 2,m > 3} for any ¢. However, they did not

give any sufficient and necessary condition for all graphs of the form U; H; to
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be x-unique. In this section, by using the fact that 3(G) = 3(H) if G ~ H,
we obtain a sufficient and necessary condition for all graphs of the form U; H;
to be x-unique. We also obtain a sufficient and necessary condition for all

graphs of the form U;U,, to be x-unique, where n; > 6.

From Lemma 3.2.5, it is easy to prove the following Lemma.

Lemma 4.3.1. ([81]) (i) (x 4+ 3) fh1(Pay);

(ii) For n > 1,m >4, (hi(Cp,), h1(Pay)) = 1;

(iii) For ny > 3,n2 >4, hi(Py,)h1(Chy) = h1(Pny+ny) of and only if
ng =ny1+1;

(iv) All the roots of hi(P,) and hi(C,,) are simple.

By Theorem 1.2.4, one can check the following results: h(Cy) = h(Ds),
h(Py) = h(Ky U C3), h(P2)h(Cs) = h(P3)h(Ds), h(P2)h(Co) = h(Ps)h(Ds)
and h(P2)h(Ci5) = h(Ps)h(D7)h(C5). So, by Corollary 3.2.1 and Lemma

4.3.1, it is easy to prove the following lemma.

Lemma 4.3.2. (l) B(Ck) = ﬁ(PQkfl) fO?” k > 4 and ,8(03) = ﬁ(P4),’
(it) B(D4) = B(C4) = B(P7);

(iii) B(Ds5) = B(Cs) = B(P11);
(iv) B(Dg) = B(Cy) = B(Pr7);
(v) B(D7) = B(C15) = B(P9)-

By Theorem 1.2.5, ﬂ(Dn) == B(T1,2,n—3) and ,@(Cn) == ﬁ(TLLn_Q), for n >
4. By Lemma 4.3.2, we have that, if H € {K;}U{Dy,T12n—3|n =4,5,6,7}U
{Cy,T1,1n—2|n > 4}, then there exists an integer k, k > 4, such that §(H) =
B(Ps—1). By Theorem 3.2.2, 8(P,) < 3(P,-1), for n > 2. So, we have

Corollary 4.3.1. Let H € {K;} U{D,,T125-3/n = 4,5,6, 7t UPUCUT
and let B(H) = B(Pa,). If m > 1 and m # 2, then H = Py,y,.

Lemma 4.3.3. Let G = t1 P, Uty P3UtsPsUtyCs. Then G is adjointly unique.

Proof. Let H be a graph such that h(H) = h(G) and H = U;H;. We prove
H=G.
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By Corollary 3.3.1, we have
H; € {Ky, P>, P3,Py, P5,C3,T111}

Denote the number of K1, Ps, P3, Py, P5, C3 and T 1,1 in H by mq, m1, ma,

ms, mq, ms and mg, respectively. By Lemmas 4.2.1 and 4.2.3, we have
Ri(H) = R1(G) = mq +ma +mg+myg+ms =1t +to + t3 + t4.

Hence
mi1 + mo +m3 +myg+my5 =11 + 1o+ 13+ 14.

Since h(C3) is irreducible over the rational number field and hi(Py) = h1(C3),
we have mg + ms = t4 and mq + ms +my = t1 +t5 +t3, by Lemma 4.2.3 . As
p(G) —q(GQ) = t1+ta+ts, p(H) — q(H) = mo+my + mg + ms +my + mg and
p(G) — q(G) = p(H) — q(H), we have mg + ms + mg = 0. This implies that

mg = m3g = mg = 0 and ms = t4. Therefore,
H; € {P,, P3, P5,Cs}.
By Corollary 3.2.1 and Lemma 4.3.2, we have

B(Ps5) < B(C3) < B(P3) < B(F2).

Comparing the minimum real roots of A(G) with those of h(H), we get H = G.
O

Theorem 4.3.1. Let n>m; > 2 and G = K,, — E(U; Py,,).

(i) If n > m, then G is x—unique if and only if, for each i, either m; =
0(mod 2) and m; # 4 or m; = 3;

(ii) if n = m, then G is x—unique if and only if, for each i, either m; =
0(mod 2) and m; # 4 or m; = 3,5, where m = mq + mg + - - - + My,
mi>2i=1,2,- k.

Proof. Note that K, — E(U;Py,,) = [K; U (U;Py,). By Theorem 1.1.1, we
have that K, — E(U;Py,;) is x-unique if and only if [K; U (U; Py,,) is adjointly
unique. So, we need only consider the necessary and sufficient condition for

F =1K; U (U;Pp,) to be adjointly unique, where [ =n — m.
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We prove the sufficiency of the condition of the theorem. Let H be a graph
such that h(H) = h(F) and H = U;H;. Now we prove that H = F, that is
UH; 2K, U (Uzpmz)

By Theorem 2.1.1, we have

Hh(Hi) = a:th(Pmi). (4.1)

Comparing the minimum real roots on both sides of (4.1), by Theorem 3.3.2,
we get
HZ' S {Kl, T1727i, Di+3|i = 1, 2, 3, 4} UPUCU 'Tl

Without loss of generality, we assume m; = max{m;|li = 1,2,--- ,k}.
From the condition of the theorem, m; is even if m; > 6. By Corollary 3.2.1
and (4.1), we know that S(F) = B(P,,,) and there exists a component in H,
say Hi, such that 8(H1) = B(H) = 3(Pnm,). By Corollary 4.3.1, H; = P,,,,
for m; > 6. Eliminating a common factor h(P,,,) of h(H) and h(F'), we have

t k
[[1H) =2 T M(P,)-
=2 =2

Repeating elimination procedure for the above equality, we can obtain that,
for any m; > 6 and m; is even, there exists a component H; in H such that
H; = P,,. Eliminating all the factors h(FP,,,) for m; > 6 on both sides of
equality (4.1), we obtain

to ko
H h(H’L) = :L‘l H h(sz)> (4'2)
1=t i=k1

and m; € {2,3,5}.

We distinguish two cases:

Case 1. n =m.
It is clear that [ = 0 and m; € {2,3,5}. By Lemma 4.3.3, we have H = F'.

Case 2. n > m.

In this case, we have m; € {2,3}. Hence, H; € {P», P3}, by Corollary
3.3.1. By comparing the minimum real roots of the left-hand side with those
of the right-hand side in equality (4.2), we have H = F' .
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Conversely, note that hA(Pap11) = h(P, UCpt1) for n > 3, h(Py) = h(C3 U
Ki), and h(PsUK) = h(P>UT} 1,1). This shows the necessity of the condition
of the theorem. O

Corollary 4.3.2. Letn>m > 2 and G = K,, — E(Py,).

(i) If n > m, then G is x—unique if and only if m = 0(mod 2) and m # 4, or
m = 3;

(ii) if n = m, then G is x—unique if and only if m = 0(mod 2) and m # 4, or
m = 3,5.

This corollary gives a positive answer to Du’s Problem [32] and Liu’s Con-

jecture [58], which was also done in [29].

Let A, A;, B, B;, M, M; be some multisets with positive integers as their
elements for i = 1,2, see §1.2 in [70]. We denote by A\{b} the set obtained
by deleting an element b from A. For example, let A = {a,a,b,b,b,c}, then
A\{b} ={a,a,b,b,c}.

Lemma 4.3.4. Let G = miPy U (Ujca, P;) U (Ujep, Cj) and H = maP> U
(Uiea, 1)U (UjeB, Cj) U (Uken, D) If hi(G) = ha(H), then mi = ma + M,
where 1 > 3,5 > 4,k > 5.

Proof. Since h1(G) = hi(H), we know that R1(G) = Ri(H) and ¢(G) =
q(H). By Lemmas 4.2.1 and 4.2.3, we have m; + |A;] = mg + |Ag| and
p(G) = p(H). Let my + |Ai| = m,p(G) = n and |M;| = s. Note that G has n
vertices, n — m edges, 2m vertices of degree 1 and N4(G) = N(K4) = 0. By

Lemma 4.2.4, we have

(@) = b= m) ((n =)+ 3= )+ 4) — 22 ("5 22 o)

n—2m n—3m+m1
+§(Zl 23+2m>+ Zl 22 +4(m — my) + my.
1= 1=

Note that H has n—m edges, n vertices, 2m + s vertices of degree 1, s vertices
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of degree 3, s triangles and N(K4) = 0. By Lemma 4.2.4, we have

n—2m—2s
b3(H)= (n—m)((n—m)?+3(n—m)+4)+3 > 23—1—2m+283>
n—2m—2s n73m74slf7}12

—"—g”?( > 22+2m+105)+ > 2
i=1 i=1

+4(m — m2) + ma + 13s + s(n — m + 2).
Since b3(G) = bs(H), by simplifying we have m; = mg + s = mg + |M;|.
0

Theorem 4.3.2. Let G = (UjeaP;) U (UjepP2;) U(UkenCr) UICs. Then G is
x—unique if and only if 1 ¢ B and D = ¢, or1 € B and (M N{6,9,15})UD =
¢, where D = ({ili € A}y n{k -1k € M})U ({2j]j € B} n{k — 1|k € M}),
1=3ordifiec A, k>5ifke M and 2 ¢ B.

Proof. By Theorem 1.1.1, it is not difficult to see that we need only prove that
the necessary and sufficient condition for G to be adjointly unique is 1 ¢ B
and D =¢,or 1 € Band (M N{6,9,15})UD = ¢.

Let H be a graph such that h(H) = h(G). We prove that H = G by
induction on |A| + |B| + |[M| + .

By Lemma 4.2.5 and Theorem 4.3.1, H = G when |A|+|B|+ |M|+1=1.

Suppose |A|+ |B|+ |M|+1=m > 2 and the theorem is true if |A| + |B|+
IM|+1 < m. Let H=U;H;. By Theorem 3.3.2, we have

H; 6{K1,T1727i,Di+3|Z’: 1,2,3,4}UPUCU'T1. (43)
Let n = max{ala € AU B" U M'}, where B’ = {2j|j € B} and M' =
{2k — 1|k € M}. We distinguish two cases:

Case 1. n =2t and t # 2.

By Corollary 3.2.1 and Lemma 4.3.1, there must exist a number t € B
such that G(G) = ((Pa), and there exists a component H; in H such that
B(Pa) = B(H;). By Corollary 4.3.1, H; = Py. Hence, H = P5; U F. By the

induction hypothesis, we have
F = [UcaP) U [UjEB\{t}PQj] U [UkerCr] U 1CS.

Therefore, H = G.
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Case 2. n =2t — 1.

If n = 3,5, then M = ¢, A = {3,5}, 1 > 0 and B = {1}. Hence, all
components of G are P, P3, P; or C3. By Lemma 4.3.3 , we have H = G. If
n = 2t—1 > 7, then by Theorem 1.2.5, Corollary 3.2.1, and Lemmas 4.3.1 and
4.3.2 , there exist a number ¢t € M such that 8(G) = §(C;) and a component
H; in H such that 8(H) = B(H;) = #(Ct), where t > 4 and H; is one of the
following graphs

Pat1,Cy, Th 142, Da, D5, D, D7, T1 2,3, 5 <@ < T.

Case 2.1. C; is a component in H such that 3(C;) = G(H).
Assume that H = C; U F. Then, by the induction hypothesis we have

F 2 [UieaP] U [UjepPo] U [Ugern (1 Okl U LCs3.

Hence H = G.

Case 2.2. H contains a component Py such that 5(Py—1) = B(H).
Without loss of generality, let H = Py—1 U F. By Lemma 4.3.1, we have

hG,z) = h(H,z) = h(Cy,z)h(Pi—1,z)h(F, x).
Hence
h([UieaPi] U [Ujep Poj] U [Upenr\ 1y Crl UIC3) = h(P—1 U F).
By the induction hypothesis, we have
[UieaP;] U [UjepPos] U [Upern (1 Okl UIC3 = Py U F.

Hencet—1 € AUB’ and t € M. This implies t — 1 € D, contradicting D = ¢.

Case 2.3. There exists a component 7712 in H such that ﬂ(TLLt_Q) =
B(H), where t > 4.
Assume that H =77 142U F. By Theorem 1.2.5, we have

hG,z) = h(H,z) = h(T1,14—2,2)h(F,x) = h(Cy, x)[zh(F, x)].

So,
h([UieAPi] U [UjeBPQj] U [UkeM\{t}Ck] U ng) = h(Kl U Hl).
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By the induction hypothesis,
[UieaPi] U [UjeBPoj] U [Ukean (1 O] UICs = K1 U F,

which is impossible.

Case 2.4. D; is a component of H and (3(D;) = B(H) for some i, where
4 <3 <7.

If Dy is a component of H such that 5(D4) = (5(Ct), then ¢t = 4. This
contradicts 4 ¢ M. If D; is a component of H and 3(D;) = S(H) = B(C}) for
some i, where 5 < ¢ < 7, then t = 6,9, 15, by Corollary 3.2.1 and Lemma 4.3.2.
Hence, according to the condition of the theorem, P» is not a component of

G. Therefore we have the following claim by Theorems 1.2.5 and 4.3.4.
Claim: H must contain a component 77 1 1.

Proof of the Claim. Suppose that H does not contain a component 77 1 1.

Then, according to (4.3), we can assume that
H=myP,U (Uapa) U (chb) U (Uch,l,c) U (Ufo) U (USTLQ’S) Urky,

where a > 3,6 >3,¢>2,f =4,5,6,7 and s = 2,3, 4.
Since h(D4) = h(C4) and h(Cs) = h(Py), by Theorem 1.2.5, we have

hi(H) = h1(m2P2 U (Uiea, Pi) U (UjeB, Cj) U (Ukenr, Di,))

and
hi(G) = h1((VieaP;) U (Ujep\ (13 P25) U (Ukem Ck) U IC3),

where ¢ > 3 for i € A, j > 4 for j € By, and |Mi| > 1 and k£ > 5 for any
k € M.

Since hi(H) = h1(G), by Lemma 4.3.4 we have mg + |M;| = 0, contradict-
ing | M| > 0. This implies that 77 11 is a component of H if D; is a component
of H, where ¢ = 5,6, 7. This completes the proof of the claim.

Case 2.4.1. Dy is a component in H and §(D7) = B(H) = B(G). By Corol-
lary 3.2.1 and Lemma 4.3.2, C5 is a component of G and 3(C15) = B(G),
and the order of a maximum path component (respectively a maximum cy-

cle component ) in H is less than 29 (respectively 15). Remembering that
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h(Py)h(C15) = h(Ps)h(D7)h(C5), by Lemma 3.2.5 we have
a0 3
h1(Ci5) = hi(D7)(x + 3)(z + 2 + 20053)(55 +2+ 2005?)7

and h(P,) and h(Cp) do not include the factor (z + 2+ 2cosE)(z + 2+ 2cos3T)
when a < 28,6 < 14, unless a = 19 or a = 9, and b = 5. Hence, at least one
of Pig, Py and Cj5 is a component of H. Since h(Pig) = h(Py)h(C5)h(Cho),
h(Py) = h(Py)h(Cs) and h(C15) = h(D7)h(T11,1)h(C5)/x, by the Claim we
have

h(H) = h(F)h(D7)h(T1.1.1)h(C5) = h(F U K1)h(Cys).

Hence,
h([UieaP,] U [Ujep Poj] U [Urean 15y Ck] U 1C3) = h(K71 U F).
By the induction hypothesis, we have
[VieaPi] U [UjepPos] U [Urenn 15y Ck] UIC3 = K1 U F,

which is impossible.

Case 2.4.2. Dg is a component of H and §(Dg) = B(H).

By Corollary 3.2.1 and Lemma 4.3.2, 3(Dg) = $(Cy) and Cy is a compo-
nent of G. Without loss of generality, we can assume that H = FFUDgUT7 11
by the Claim. As h(Cy) = h(Dg)h(T1,1,1)/x, we have

h(H) = h(F)h(Dg)h(T11,1) = h(F U K1)h(Cy).
Hence, we obtain
h([UieaPi] U [UjeBPoj] U [Ukenr (93 Ck] U IC3) = h(Ky U F).
By the induction hypothesis, we have
[UieaPi] U [Ujen Poj] U [Ukean (93Cr] UICs = K1 U F,

which is impossible.

Case 2.4.3. Dj; is a component of H and §(Ds) = B(H).
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By Corollary 3.2.1 and Lemma 4.3.2, Cg is a component of G and 3(Cs) =
B(G), and the order of a maximum path component (respectively a maxi-
mum cycle component) in H is less than 11(respectively 6). Noticing that
h(P2)h(Cs) = h(P3)h(Ds), by Lemma 3.2.5, we have

)
hi(Cs) = (z +2)(x +2 + 2003%)(3: +2+ 2cosg),

and hi(P,) and h;(Cp) do not include the factor (z + 2) when a < 11,b < 6,
unless a = 3 or a = 7; and only hy(Ps) includes the factor (x + 3). Hence, at
least one of P3 or P7 is a component of H and Ps must be a component of G.
Since h(P;) = h(P3)h(Cy), by the Claim we have

h(H) = h(F)h(P3)h(T1,1,1)h(D5) = h(F)h(P2)h(Cs)h(T11,1),

and

h(G) = h(G1)R(P5)h(Cs).
Hence, we have
h([UieaP;] U [Ujep Poj] U [Upen\(63Cr] UIC3) = h(Pa U Ty 11 U F).
By the induction hypothesis, we get
[UicaP)] U [UjepPaj] U [Upean (61 Cr] UICs = P, U Ty 11 UF,

which is impossible.

Case 2.5. T2, where 2 <17 < 4, is a component of H.
Let H =112, UF. We have

h(G,z) = h(H,z) = h(T1 24, x)(F,z) = h(Diy3, x)[zh(F, z)],

which is impossible from Case 2.4.

Conversely, if j =i+1 and ¢ > 3, then h(P;)h(Ciy1) = h(Psi+1) by Lemma
1.2.5. Note that h(P2)h(Cs) = h(P3)h(Ds), h(P2)h(Cy) = h(Ps)h(Dg) and
h(P2)h(C15) = h(Ps)h(D7)h(Cs). This shows the necessity of the condition of
the theorem. N
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It is easy to see that if G is a graph with 6(G) > p(G) — 3, then each
component of G is one of the graphs K1, P; and Cj, where ¢ > 2 and j > 3.
By Theorem 1.2.5, we have that K; U K3 ~p, Py, and K1 UC), ~p, T1,1,n—2, for
n > 4. Hence the following theorem follows from Theorems 4.3.1 and 4.3.2.

Theorem 4.3.3. Let A = {n|n = 0(mod 2) and n > 6} and B = {n|n > 5}.
For a graph G with p vertices and 6(G) > p — 3, we have that G is x-unique
if and only if G is one of the following graphs:

(i) rKiU( U Py,) forr=0andn; € AU{2,3,5}, orr >1 and n; € AU

1<i<s
{2, 3}, where r,s > 0;
(ii) iU ( U Po)U( U Cn,)UICs forty =0 and M = ¢, orty > 1 and
1<i<s 1<j<t
({6,9,15} N B) U M = ¢, where t1,l,s,t >0, t+1>1, n; € AU{3,5},

mj € B and M = (AU{3,5})N{n—1|n € B}.

Lemma 4.3.5. For anym > 6 andn > 5, we have h(Uy,) = 23(x+4)h(Pr_4)
and h(U2n+1) = h(UnJrg)h(Cn,l).

Proof. By Theorem 2.1.2, for m > 6, we have

h(Up) = xh(Ti1m—4) + 2*h(T11,m—6)
= x2h(Pm_2) + 2x3h(Pm_4) + .CC4h(Pm_6)
= 23(x + 4)h(Pp—s).

By Lemma 1.2.5(i), if n > 5 and m = 2n + 1, then
hUzn1) = 2°(x + 4)h(Pr—2)h(Cp1) = h(Un+2)h(Cp-1). O

From Theorem 4.3.1(i), we have

Lemma 4.3.6. Let n; =3 orn; > 6 and n; is even. If
mi ma2
[Im(Pa) = T ba(Hy),
i=1 j=1
then m1 = mg and U"| P, = U}nﬁlHj, where Hj is connected and H; 2 K

for each j.

Theorem 4.3.4. Let n; > 6. Then U™ U,, is x-unique if and only if n; =7

or n; > 10 and n; is even, wheret=1,2,--- ,m.
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Proof. Let G = U[",Uy,. Suppose that h(H) = h(G) and let H = U, H;.
By Theorem 1.1.1, we only need prove H = G. By Theorem 2.1.1, we have

[1n@.,) =] nH)). (4.4)
i=1 Jj=1

By Theorem 3.3.2, we have
H; € {T229,T1 33, K14,Cs(P),C3(Pa, P2), K, ,Dg, Ki }U
{T1’27i|7; =2,3,4, 5} @) {DZ|7J =4,5,6, 7} UPUCUTLUU.

By calculation, we obtain the following:

h(C3(Py, P2)) = ha(Cy(Py)) = hi(Ky ) = hi(P2)hi (K1),

h1(Dg) = h1(T12,5) = h1(P2)h1(Py)h1(K1.4),

hi(T133) = ha(P2)h1(Ps)hi (K1 4),

hi(Th22) = h}(Pa)hi(K1.4).

Since hi(K14) = = + 4, eliminating all the factors x + 4 and x on both
sides of (4.4), we obtain, from Lemma 4.3.5, that

m ma
th(Pnif4) = H hi(Hj), ma < my,
i=1 j=1

and
H, € {Ty0,li = 2,3,4} U{Dii = 4,5,6, 7} UPUCUT,.

Note that n; —4 = 3 or n; —4 > 6 and n; — 4 is even. By Lemma 4.3.6, we
have

UL Py,—q = U;EIHJ{. (4.5)
Hence H; € { K1 4}UPUU and H must have exactly m components Hy, Ha, - - -,
H,, such that §(H;) = —4 and m < m;. For each component H;, we have
q(H;) —p(H;) = —1,5 = 1,2,--- ;my. Hence q(H) — p(H) = —my. Since
q¢(G) — p(G) = —m and q(H) — p(H) = q¢(G) — p(G), we have m = m; = mo
and H; eUd,j=1,2,--- ,m. By (4.4) and (4.5), we have G = H.

Note that h(Us) = h(K, )h(2K1), h(Ug) = h(IK1)h(K; 3)h(K, ) and h(Ug) =

h(Cs)h(K1,4). So, the necessity of the condition of the theorem follows from
Lemma 4.3.5 immediately. g

Corollary 4.3.3. Let n > 6. Then U, is x-unique if and only if n = 7 or

n > 10 and n is even.
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4.4 A solution to two conjectures on adjointly equiv-

alent graphs

In this section, we obtain a necessary and sufficient condition for two graphs
H and G with §(G) = B(H) > —4 to be adjointly equivalent. Moreover we
give a negative answer to Conjectures 4.4.1 and 4.4.2.

It is an interesting problem to determine [G] for a given graph G. From
Theorem 1.1.1, it is not difficult to see that the goal of determining [G] for
a given graph G can be realized by determining [G],. In [29], Dong, Teo,
Little and Hendy determined all adjointly equivalent classes of graphs ro K U

mK3U |J Py, for ro,r1 > 0,1; > 1 and obtained a necessary and sufficient
1<i<s
condition for two graphs H and G in G; to be adjointly equivalent, where

G1=<aK3UbD4U U P, U U Cy;la,b,r,t > 0,u; > 3,u; Z4(mod 5),v; > 4

1<i<s 1<5<t

Let

Gy =< aKsUbDsU | ) P, U | Cujla,b>0,u; > 3,0, >4

1<i<s 1<j<t
and

G3=<rK; U U Cy;lr,t > 0,0, > 4
1<j<t
In fact, it is not easy to determine the equivalence class of each graph in
G; for i = 1,2, 3. So, the authors in [29] proposed the following problem: For

a set G of graphs, determine

minpg = U [Glh,

where miny,G is called the adjoint closure of G.
Dong, Teo, Little and Hendy proposed the following problem and conjec-

tures.

Problem 4.4.1. ([29]) Determine miny(Gz).
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Conjecture 4.4.1. ([29]) The following set equality holds.

ming(Ga) = { rK1UaK3UbDyU | ) Tiarn U | P,

1<i<m 1<i<s

U |J Cylrabt,ms>0,m>2,u > 3,0, >4,m+r<a
1<5<¢

Conjecture 4.4.2. ([29]) The following set equality holds.

ming(Gs) = < rK; UbDyg U U Ti1,, U U Cvj|r, bym,t > 0,1, >2,v; >4
1<i<m 1<5<t

Let

and
Fo={T125,T222,T1 33, K14,Cs(P2),C5(Pa, P2), K, ,Dg} UU.

By Theorem 3.3.2, it is obvious that Fi is the set of all connected graphs
with 8(G) > —4 and F is the set of all connected graphs with 5(G) = —4.
Take )V = {U G/L’Gl € f1} and )y = {U Gl|Gl c U fz} Clearly, both )
and )» are adjointly closed.

From Theorems 2.1.2, 1.2.4 and 1.2.5, one can check that each pair of the
graphs in R is adjointly equivalent. We call a pair of adjointly equivalent
graphs an adjointly equivalent transform. For example, Pop1q ~p Py U Chy
is an adjointly equivalent transform.

Ri = {Pont1 ~n PoUC, 41, K1UC3 ~p, Py, T 1 m—2 ~p KiUCH,, T12,6-3 ~n
KiUDg,KiUPs ~p PoUT111,Ds UT1 11 ~p K1 UCy, D7y UTy 11 UCs ~p
K1 UC15,PsU D5~ PoUCgIn > 3,m >4,s > 4}.

Theorem 4.4.1. (i) There ezists a graph G in minyGa such that G contains
each graph in Fi as its component and minpGs C V.

(i1) Let F3 = {K1}U{T1 2,3, Diy3li = 1,3,4}U{C;i|i > 4} UT; and Y3 = {J Gi|
G; € F3}. Then there exists a graph G in minpGs such that G contains
each graph in F3 as its component and minpGs C V3.
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Proof. (i) Observing the minimum real roots of each graph in minpGs, by
Theorem 3.3.2 we have min,Gs C V.

On the other hand, since Py ~p, K3 U Ky, Py ~; Py UCs and Popi1 ~p
P, U Cyqy1, for n > 3, we have that K; and K3 are components of some
graphs in min,Gs. Note that K1 U Py ~p, Py U T17171, P, UCg ~p, P3U Ds,
KiUCy ~, DgUTy 11, KyUCi5 ~, D7 UT1 11 UCs, K1 UC, ~p 11102, for
n >4, and K; U Dy, ~p, T1 2,m—3, for m > 4. Hence (i) holds.

(ii) Let G € G and H ~j, G. From Theorem 3.3.2, we have H € V;. From
Theorem 2.1.1 and Lemmas 4.2.1 and 4.2.3, we have R;(G) = Ri1(H) =0, so
none of components of H is isomorphic to Cs, or Py, for n > 2. Hence we

know that each component of H is one of the following graphs:
Ki,D;,Tv1,,Cj, 1125,

where i =4,5,6,7;r>1; j >4 and s = 2,3,4.

Suppose that Ds or h(T12,2) is a component of H. Since (z + 1)|h(Ds) =
h(T122)/x, we have that (z + 1)|h(H) and = + 1|h(G), which contradicts the
fact that h(P) fh(Cy,) for all v; > 4, by Lemma 4.3.1(ii). So, H € 3. Thus
minpGs C Vs.

Since Cy ~p Dy, K1 UCy ~p, DgUT1 11, K1 UCi5 ~p D7 UT1 11 UCs,
KiUCy, ~p T11n—2 and K1 U D,, ~p T12,-3, we have that there exists a

graph G in minyGs such that G contains the following all components:
K1,Di, T 1, Cj, T 2.,

where i =4,6,7;r>1; j >4 and s = 3,4. ]

It is not difficult to see that Theorem 4.4.1 gives negative answers to Con-
jectures 4.4.1 and 4.4.2.

Let Gy ={rK; U U Pylu; > 2,7 > 1}. With a proof similar to that of
1<i<s
Theorem 4.4.1, we prove easily the following result.

Theorem 4.4.2. There exists a graph G in minp Gy such that G contains each
graph in Fi as its component and minyGy C V.
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Lemma 4.4.1. Let Gi,Hj € {Kl,T17171,P3,Cn,P2a|n >4,a> 1}. If U G;~p

1<i<m
U Hj, then U Gig U Hj.
1<5<t 1<i<m 1<5<t
Proof. By Theorem 2.1.1,
m t
[17G) =] r(H)) (4.6)
i=1 j=1

and G, Hj € {K1,Ti1,1,P3,Cy, Pogln > 4,a > 1}.
By induction on m we show that |y G; = | Hj.

When m =1, it is clear that
t
h(Gy) =[] h(H))
j=1

and G1,Hj € {K1,T11,1,P3,Cp, Pog|n > 4,a > 1}. Thus there exists a com-

ponent in |J Hj, say Hi, such that 8(G1) = S(H1). From Lemmas 4.3.1
1<5<t

and 4.3.2 and Corollary 3.2.1, by comparing 5(G1) with 3(H1), we know that
G1 = Hq. Moreover, m =t = 1 and the theorem holds for m = 1.

Suppose that |J G;= | Hjform=k—1andk >2. When m =k,
1<i<m 1<j<t

from (4.6) it follows that

k

[1n@G) =TT nHy) (4.7)

i=1 7=1
and
Gzij S {K17T1,1,17P370nap2a‘n Z 4,@ Z 1}

forl<i<kand1<j<t.
Now, we consider the minimum real roots on both sides of (4.7). Denote by
B(right) and S(left), respectively, the minimum real roots of the right-hand

side and of the left-hand side of (4.7). Without loss of generality, we assume
that B(left) = B(Gk). We distinguish the following cases:

Case 1. G = C), for some n > 4.
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Clearly, H has a component, say H;, such that 5(C),) = B(H¢). So, by
Lemmas 4.3.1 and 4.3.2, H; = C,,. From (4.7) we get

k—1 t—1
[1 7o) =TT nmy) (48)
i=1 j=1

and Gi,Hj S {K17T1,1,1>P370nap2a|n > 4,& > 1} for 1 <i< k-1 and

1 <j <t—1. By (4.8) and the induction hypothesis, |J G; U Hj,
1<i<k—1 1<j<t—1
and so, G =2 H.

Case 2. Gy € {Py, P3,T1 1,1, P2, K1 }.

Since ﬂ(PG) < B(Tlalﬂ) < ﬂ(P4) < ﬂ(Pg) < ﬁ(PQ) < ,B(Kl) and ,8(04) <
ﬂ(Tl,l,l); by Lemma 4.3.2 one can see that Gy, Hj S {Kl, Py, P, Py, Tl,l,l} for
all1 <¢<kand1<j<t. Clearly, the theorem holds.

Case 3. G} = Py, for some «.
Obviously, @ > 3. Then, it is not difficult to see that H has a component,
say Hy, such that 5(Pyy) = B(H¢). So, by Lemmas 4.3.1 and 4.3.2, we have

H; = P5,. By the induction hypothesis, |J G;= | H;j. So, G=H.
1<i<k—1 1<j<t—1
O

Suppose that G and H are two graphs. We construct a pair of graphs G*
and H™, respectively from G and H, by the following steps:

O1: We construct a pair of graphs G’ and H’, respectively from G and H,
by replacing each component Y by an adjointly equivalent transform in R until
none of components is isomorphic to Y, where Y € {Pop41, Da, T11,m,T1 2,
]n >3,m> 2,5 > 2} and R € {P2n+1 ~p Py U Chi1, Dy ~p C4,T1717m ~hn
K1 UChpq42,T12s ~n K1 UDgy3ln>3,m > 2,5 > 2};

Os: We denote by a1, a9, as3,as and as, respectively, the number of com-
ponents C3, Ps, D5, Dg and D7 of G'. We denote by by,by,b3, by and bs,
respectively, the number of components Cs3, Ps, D5, Dg and D7 of H'. Let
x1 = max{ai + az, by + ba}, o = max{as, b3}, v3 = max{as+ as,bs + bs} and
x4 = maz{as, bs}. Then we take G” = G'Ux1 K1 UxoP3U 3Ty 1,1 UzaCs and
H'=H Uz K1 UxoP3 U :C3T17171 U 24C5.



84 Chapter 4

O3: We construct a pair of graphs G* and H*, respectively from G” and
H", by replacing each component Y’/ by an adjointly equivalent transform in
R’ until none of components is isomorphic to Y’, where Y’ € {K; U C5, K1 U
Ps5, Dg U T17171, D UT1’1’1 uCs, P3U D5} and R’ € {Kl UC3 ~p Py, K1U P5 ~p,
P,UTi11,DeUT111 ~p K1 UCy, D7 UTy 11 UCs ~p, K1 UCt5, P3U Dy ~p,
P, UCg}.

Here we point out that the above operations are valid only for pairs of
graphs, but not for a single graph. For convenience, the pair of graphs G*
and H* are said to be obtained from G and H by the operation OP;, denoted
simply by < G, H >, < G*, H* >.

Theorem 4.4.3. Let G,H € Y, and < G, H >2Lu< G* H* >. Then G ~j, H
if and only if G* = H*.

Proof. Suppose that G,H € Y, and G ~j;, H. It is clear that G’ ~, G ~y,
H ~p H and G* ~;, G" ~;, H" ~, H*. So, by steps Oy and O3, one can see

that each component of G* and H* is one of the following graphs:
K17T1,1,17P37 Cna P2i7 n > 47Z > 1.

By Lemma 4.4.1, G* =2 H*.
Conversely, suppose that G* = H*. Then G” ~, H” and G’ ~;, H'. Thus
G~y H. ]

From Theorems 2.1.2 and 1.2.4 and Lemmas 3.2.7 and 4.3.5, it is not hard
to obtain the adjointly equivalent transforms in Ro.

Ro = {K1UU, ~p PrgUK 4,2K1UT 25 ~p PoUPLUK 4,2K1UT 20 ~,
2P, UK174, 2K, UT17373 ~n PoUPs UK174, 2K U Cg(PQ, Pg) ~n Py UK174, 2K U
Cy(Py) ~p P UK 4,3K1 UK, ~p, P,UK; 4,3K1 U Dg ~p, P,U Py UK 4}.

Suppose G, H € )5. Similar to OPy, G and H are said to be obtained
from G and H by the operation OP», denoted by < G, H >22, < @,.FAI >, if
the pair of graphs G and H can be obtained, respectively from G and H, by
the following steps:

Oy4: Let yo,y1, Y2, Y3, Y4, Y5, Ys, Y7, ys be respectively the number of com-
ponents Ky, U,, T17275, T27272, T17373,03(P2, PQ), C4(P2), KZ, Dg of GG, and let
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Yo, Y1 Yo YsYss Yss Y6» Y, Ys denote respectively the number of components
K1, UpT125,1222,T133, C3(Ps, P2), Cu(P2), K;,Dg of H. Suppose that
y = max{yr + 2y2 + 2y3 + 2ys + 2ys5 + 2ys + 3y7 + 3ys — Yo, y| + 2y5 + 2y5 +
2y} + 2yL + 2y6 + 3yh + 3ys — y4 b Take Go = GUyK; and Hy = H UyKy;

Os: We construct a pair of graphs G; and Hy, respectively from Gy and Hy,
by replacing each component Y by an adjointly equivalent transform in R
until none of the components is isomorphic to Y, where Y € { K; UU,,, 2K U
Ty o5, 2K1UTs 0, 2K1UT 3.3, 2K1UCs(Pa, Py), 2K,UCy(Ps), 3K UK, 3K, U
Dg|n > 6}. In fact, G; and H; contain none of the following components: U,,
Tio5, Too2, Ti 33, C3(Pa, P), Cy(P), K, and Ds.

Og: Let s1 and sy be respectively the number of components K4 of Gy
and Hy. Take s = min{si, so}. By deleting sK; 4 from G| and H;, we obtain
graphs G5 and Hy. Note that if G ~, H, then s;1 = s9 and Ga, Hy € ).

O7: By using OP;, we obtain the pair of graphs G and H , respectively
from G and Ho; that is, < Go, Hy >2P25< G, H >.

With a proof similar to that of Theorem 4.4.3, we get the following result.

Theorem 4.4.4. Let G,H € Yy and < G, H >2P5<« G. H >. Then G ~, H
if and only z'fé ~ [,

By Theorems 4.4.3 and 4.4.4, we have

Theorem 4.4.5. (i) For any graph G € Y1, [G], = {H € J1|H* = G* and
<G,H >0 < G* H* >},
(ii) For any graph GEYy, [Gln={H € Yo]H=G and <G, H2P:< G, H>}.

4.5 The adjoint uniqueness of the union of T-shaped

trees

We call the tree T}, . T-shaped trees. In this section, we study the chromatic
uniqueness of the complements of (U;C,, ) U(U; Dy, ) U (U pT1,4,6) and of 7K1 U

U(l,b Tlva)b‘
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Lemma 4.5.1. Let fi(z) be a polynomial in x with integral coefficients. If
hi(Pp) [fi(x), form > 2 and fori=1,2,--- k, then there is no n, n > 2,

such that hy(Py,)] H fi(x).

Proof. Suppose that there is a n, n > 2, such that hy(P,)] H fi(z). Clearly,

n+1 > 3. So, there is a ny such that n +1 = (ny 4+ 1)na and np+1=4or
ni + 1 is prime. From Lemma 4.2.6, hi(P3) and hl( P,,) are 1rredu01ble and

hi(Ps)|hi(Pn) or ha(Pny)[hi(Pn). Thus, hi(F3)] Hfz( ) or hu(Pr,)] Hlfz( z),
which implies that there is a i such that hl(Pg)‘fl( ) or hi(Py,)|fi(x). This

contradicts the condition of the lemma. O

Theorem 4.5.1. Let n; > 5 and m; > 9 for every integers ¢ and j, and let
3< 1l <10 and iy < lp. Let G = (UiCp,) U (UjDp;) U (U 1, T1y 0,)- If
h(Pp) fh(Ch,), M(Pn) fh(Dp;) and h(Py) fh(T1y,1,), for all n > 2, then G
is x—unique if and only if la # 211 +5 and (I1,13) # (n; — 1,n;), for all i.

Proof. From Theorem 1.1.1, we only need consider the necessary and suffi-
cient conditions for G to be adjointly unique.

Let H be a graph such that h(H) = h(G). Suppose that H = U;H; and
each H; is connected. It is sufficient to prove that H = G.

By Theorem 2.1.1 and Lemmas 4.2.1 and 4.2.3,

H h(H; H h(Cn, H h(Dm, H h(T1 4, 1,) (4.9)
i l1,l2
and
Z R1(H; Z Ri(Cp,) + Z R1(Dm;) + Z Ri(T1,1,) = 0. (4.10)
‘ ly,l2

By the conditions of the theorem and Lemma 4.5.1, h(P,) fh(G) = h(H),
for all n > 2. Thus, h(P,) Ah(H;), for each i and for n > 2. From (4.10),
Theorem 2.1.1 and Lemmas 4.2.1 and 4.2.3 and hy(Ps) = hi(K3), we have
Ri(H;) = 0 for each component H; in H. Recalling that h(P,) fh(H;) for each
H; and for n > 2, by Lemmas 4.2.3 and 3.2.8, we have

H; e {Cp, Dy, Type, Kiln>4,m>4,1<a<b<c} (4.11)
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and
H; & {T1 0,0, T1pp43:T22,6, T2 33la > 2,0 > 1,¢ > 2}, (4.12)

By Theorem 1.2.5, 3(C,) = B(Th,1,n—2) and B(Dy) = B(T12,n—3) for n > 4.
Therefore, by Theorem 3.4.1, 3(G) > —(2 ++/5). So, B(H) = B3(G) > —(2 +
v/5). From Theorem 3.4.1 and (4.11) and (4.12), we have

H; € {Cp, D, Tipe, Kiln > 4,m>4,1<b<c,b#c,c#£b+3}.  (4.13)

Note that h(T g2a+5) = h(T1,a41,a42)h(Cat2), for a > 2. We construct a
graph H’ from H by replacing each component 77 4 24+5 by two components
Cat2 and T1 441,442 until none of components is isomorphic to 11 42445, where
a > 2. Without loss of generality, let H' = U;H/. From (4.9) and (4.13), we
can easily get that

[1n0) = [T a(Co) TT2Dmy) 1T 2T, 2), (4.14)

i=1 i j I1l2
H; e TTU{K1}U{Cpy, Dy, T1 pclm > 4,2 <b < c,b# c,c # b+ 3,¢c # 2b+ 5}
(4.15)
Now we consider the minimum real roots on both sides of (4.14), namely,
B(H') and B(G). Assume that T' g, s, is a component of G with §(G) =
B(Ths,.5,)- Clearly, 3 < s; < 10 and sy > s1. From (4.14), we see that H'
must have a component, say H{, such that S(H]) = B(T1s,,5,). As B(Cy) =
B(T1,1,n—2) and (D) = B(T1,2n—3) for n > 4, we know, by Theorem 3.2.6
and (4.15), that H{ € {11,650, T1,a,a+1]a > 3}. Suppose that H{ = T1 4441
and T g q+1 # T ,s,,5,- From Theorem 3.2.6(iii) and B(T1 q,0+1) = B(T1.51,55),
we have T 412443 = T15,,5,, Which contradicts the fact that so # 2s; + 5.
Thus, H{ = T} s, s,. Eliminating a factor h(T} s, s,) from both sides of (4.14),

we arrive at
H h(Hz/) = H h(an) H h(Dm]) H h(Tl,l1,l2)/h(T1,81752)' (4.16)
i=2 i J li,l2

From (4.16), we can obtain the following fact by repeating the above argument.

Fact 1. For each component T, ;, of G, there must be a component H of
H' such that H] =Ty, ,.
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Eliminating the factor [, ,, h(T14,1,) of h(G) from both sides of (4.14),

it follows immediately that
[Tr@E!) =TT A(Cu) T (D)) (4.17)
i=1 i j

and

H' e TU{K1}U{Cp, Dy, T1 pclm > 4,2 <b<c,b#c,c # b+ 3,c# 2b+ 5}

(4.18)
Since p((UiCn;) U (UjDm;)) = q((UiCp;) U (UjDyy,)), we have p(U;H|") =
q(U;H!"). So, from (4.18), we have

H! € {Cp, Dppln > 4,m > 4}. (4.19)

From the condition of the theorem and Lemma 3.2.6, we have 3(Dp,;) < —4 <
B(Cy), for m; > 9 and n > 4. From Corollary 3.2.1, we can get the following

fact by comparing the minimum real roots on both sides of equation (4.17) .

Fact 2. For each component D,,; of G, there must be a component H! such
that H; = D,,, in H'.

Eliminating the factor []; n(Dm,) of h(G) from both sides of (4.17), it
follows that

[17H") = [ MCn.), H € {Cn, Dm|n > 4,m > 4}. (4.20)

The following fact is obtained from (4.18), the condition of the theorem

and Lemma 4.2.5.

Fact 3. U;H/" = U,Cp,.

From Facts 1, 2 and 3, it is clear that H' = G. Suppose that H has
at least one component 717 424+5. Obviously, H' must contain components
T1,4+1,0+2 and Coio. Recalling that H' = G, we have that G must contain
the components T 411,4+2 and Cgqo. This contradicts the condition of the
theorem. So, H does not contain the component 71, 2445. Therefore, H =
H' = G. This completes the proof of the sufficiency of the theorem.

From Lemma 3.2.8(iii), the necessity of the condition is obvious. O

From Theorems 4.4.1, 2.2.4 and 2.2.5, we have
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Corollary 4.5.1. Let G; € {Cj|i > 5,9 # 2(mod 4)} U {D;|j > 9,7 #
2(mod 3),5 # 3(mod 5)} U{T14, 1,13 <1 <6,l1 <lo,l1 #lo,l1 #la+ 1,15 #
o +5) and (1, 12) & {(3,3k), (3, 4k — 1), (4, 4k + 1), (4, 5k — 1), (4, Tk), (5, 3k +
2), (5,4k+4), (5,5k+2), (6,3k+3), (6, 7k—1)|k > 1}. Then U;G; is x ~unique.

Theorem 4.5.2. Let 3 <1y <10 and Iy < ly. If h(Py) fh(T14,,,) for any
m > 2, then K,, — E(Uy, 1,711, 1,) i x —unique if and only if lo # 211 +5, where
n> 30 V(T )l

l1,l2

Proof. Obviously, K, — E(Ull,lle,th) =rK; U (Ull,lgTI,ll,lz)7 where r =
n— > |[V(Ti )| Let G =rKiU (U, 1,T1,.,). Because of Theorem 1.1.1,

l1,l2
we only consider the necessary and sufficient conditions for G to be adjointly

unique.
Let H be a graph such that h(H) = h(G). Suppose that H = U; H;, where
each H; is connected. By Theorem 2.1.1 and Lemmas 4.2.1 and 4.2.3, we have
H h(H;) = 2" H h(T02) (4.21)
i l1,l2

and

Z Rl(Hl) = ZRl (Tl,l1,l2) =0. (4.22)

l1,l2
With an argument similar to that of Theorem 4.5.1, by the condition of the

theorem, Theorem 3.4.1 and Lemma 4.5.1, we have
H; € {Cn, D, Thpe, Kiln>4,m>4,1<b<c,b#c,c#b+3}. (423)

We construct a graph H' from H by replacing each component T} 42445 by
two components Cq42 and 17 g41 442 until none of components is isomorphic
to 11 q,2a+5, where a > 2. Without loss of generality, let H' = U;H]. By (4.21)
and (4.23), we obtain that

[T7H) =2" ] (T1000) (4.24)
l1,l2
and

H; e TTU{K1}U{Cpy, Dy, T1 pclm > 4,2 <b < c,b#c,c £ b+ 3,¢c # 2b+ 5}.
(4.25)
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Similar to the proof of Theorem 4.5.1, by comparing the minimum real roots
on both sides of (4.24), we have

Fact 4. For each component T, ;, of G, there must be a component H of
H' such that H] =T}, ,.

Eliminating the factor []; ;, A(T1 1, 1,) of h(G) from both sides of (4.24),
it follows immediately that

[1rH) =2 (4.26)

From Fact 4 and (4.26), we have H' 2 G. Assume that H has at least one
component Tj ;24+5. Then H' must contain a component Cyio and Cyyo is
a component of G, contradicting (4.26). So, H & H' = G. The proof of the
sufficiency of the condition is complete.

From (iii) of Lemma 3.2.8, the necessity of the condition is obvious. O

Corollary 4.5.2. Let G; € {Tl,l1,l2‘3 <UL <6,[1 <y, 4 75 o, 14 75 lb+1,1 75
o0 +5} and (I, 1s) & {(3,3k), (3, 4k —1), (4, 4k + 1), (4,5k — 1), (4, 7k), (5, 3k +
2), (5, 4k + 4), (5,5k + 2), (6,3k +3), (6,7k — D)k > 1}. Then K — E(U;G;)

is x—unique, where n > Y |V(T1 1, 1,)|-
l1,l2

4.6 An invariant Ry(G) for adjointly equivalent graphs

and its application

In this section, we first give some new properties of the invariant Ry(G).
Then we find all adjointly equivalent graphs of two classes of graphs with
Ri(G) = —1.

In [27], Dong, Teo, Little and Hendy introduced an invariant for adjointly
equivalent graphs as follows.
Definition 4.6.1. (/27]) Let G be a graph. Then an invariant Ro(G) of G is
defined by

b (G b (G
ma(@) =@ - (") = i) -2 (mie) - (")) - mic.

It is clear that for any two graphs G and H, if h(G) = h(H), then Ry(G) =
Ry(H). The following lemmas can be found in [27].
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Lemma 4.6.1. ([27]) Let G be a graph with k components G1, Ga, - -, G.
Then

k
Ro(G) = Z Ry (Gy).

Lemma 4.6.2. ([27])

(i) Ro(P1) =0, Ro(P2) = —1 and Ra(P,) = =2, forn > 3;
(ii) Ro(K3) = —2 and Ry(Cy) =0, for n > 4;

(iii} RQ(TLLl) = —1 and RQ(TLLn) = 0, fOT n > 2,‘

(iv) Ra(Dy4) =0 and Ro(D,,) =1, for n > 5;

(v) Ro(Fg) =5 and Ro(Fy,) =4, forn >17;

(vi) Ra(Kp) = 3.

Lemma 4.6.3. (/80]) Let G be a connected graph with R1(G) = —1 and

q(G) = p(G). Then b3(G) > b3(Ay)) +k, k>0 and

(i) k=0 if and only if G € {Ay)|q9(G) = 5} U{Byq), Cs(F2, I2), Ky |a(G)
> T},

(Z’L) bg(Bg) = bg(Ag) +1 and b3(B7) = b3(A7) = bg(Fﬁ) -2,

(iii) bg(Bn) = b3(An) = bg(Fn_l) - 1, fOT’ n > 8.

Theorem 4.6.1. Let G be a connected graph with R1(G) = —1 and q(Q)
p(G). Then Ry(G) > 3 and the equality holds if and only if G € {Ayq)|q(G)
5} U{Byq), C3(2, %), K, |q(G) > 7}. In particular, we have that Ra(Ay)
3, form >5, Ra(Bg) =4, and Re(By) =3, forn >1T.

AVARLY,

Proof. Suppose that G is a connected graph with R;(G) = —1 and ¢(G) >
p(G) + 1. By Lemma 4.2.3 (iii), we have that G € {K, F,|n > 6}. From
Lemma 4.6.2, Ry(Fy,) > 3, for n > 6, and Ry (K, ) = 3.

Suppose that G is a connected graph with R;(G) = —1 and ¢(G) = p(G).
From Definitions of R;(G) and Ry(G), it follows by calculation that

bi(G)

ra(@) = i)~ ("

) = (1(6) = 2)(8(G) = 1 (G)] - (G,
Since b1(G) = q(G) = q(Fy)-1), we have

R2(G) = Ro(Fyqy—1) +b3(G) — b3(Fya)—1)-
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By Lemmas 4.6.2 and 4.6.3, we have that the theorem holds when ¢(G) > 7.
If ¢(G) = 5 or q(G) = 6, then G € {45, Ag, Bg}. It is easy to verify that
RQ(B(;) =4 and RQ(A5) = RQ(AG) = 3. ]

From Lemma 4.2.4 and Definition 4.6.1, we have

Theorem 4.6.2. Let G be a graph with p vertices and q edges. If the degree
sequence of G is (di,da,ds, -+ ,dp), then

4 P 1<
R2(G)=§—22d22+52d?+ S didi— Y M(i)di+ANA(G)+N(Ky).
i=1 i=1 ijeEE(G) €M

From Theorem 4.6.2, the following lemma follows.

Lemma 4.6.4. Ry(T1,1,) =1, for all 2 <1y <3, and Ro(T}, 1,15) = 2, for
a112§l1§l2§13

Theorem 4.6.3. Let G = A,,U(UE_,Cy,,), where m; # 2(mod 4) and m; > 5,
for all i, and n # 2(mod 3) and n > 5. Then [G], = {G} except for [G], =
{A7 U (UF_|Cy,), Br U (UF_ Cn)) Y, for n = 7; in particular, G is x-unique if
and only if n £ 7.

Proof. Let H be a graph such that h(H) = h(G) and assume that H =
U;_;H;. From Lemmas 4.2.1 and 4.2.3, we have

s k

Ri(H) = Ri(G) = Ri(H) = Ri(An) + Y Ri(Cp,) = —1.  (427)

i=1 i=1

By the condition of the theorem and Theorem 2.2.5, it is not hard to see that
h(Py) fh(Cp,) and h(Pp,) fh(A,), for all m > 2. By Lemma 4.5.1, we have
that h(P,,) fh(H), for all m > 2. As h1(C3) = hi(Py), we know that H does
not contain any P, or C5 as its component. So, from (4.27) and Lemmas 4.2.1
and 4.2.3, we have that there exists exactly one component in H, say Hi, such
that R1(Hy) = —1 and Ry(H;) = 0, for all ¢ > 2. Without loss of generality,

from Lemma 4.2.3, we can assume that

H=rKiUH U(JCn)UfDsU (| D) UlTiaau(|J T), (4.28)
i jes TeT
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where H; is connected and Ry(Hi) = —1, uj > 5, for all j € S, n; > 4, for all
iand T = {71}, 1,151 < Ui <lp <l3and (I1,1,03) # (1,1,1)}.

Let q(Hy) = p(Hy) + t. By Lemma 4.2.3, it is clear that t < 1 and ¢t = 1
if and only if H; € {F,, K }. Since h(P2)|h(K ), we must have H; = F,,, for
t = 1. From (4.28), it follows that

q(H) =p(H1)+t+ > p(Cn,) + fp(Ds) + %p(Duj)+

Ip(Tha1) =1+ > p(T) —|T] (4.29)
TeT

=pH)—r+t—1—|T|.
Recalling that p(G) = q(G), we have p(H) = q(H). Thus, from (4.29),
r+l+|T| =t (4.30)

From the fact that ¢ <1 and ¢t = 1 if and only if H; 2 F, and v > 6, it suffices

to consider the following cases.

Case 1. t = 1. So, from (4.30), [ < 1. Obviously, H; & F,,, where v > 6.

From h(H) = h(G), we have Ry(G) = Ro(H). From Lemmas 4.6.1, 4.6.2
and 4.6.4 and Theorem 4.6.1, we have that Ro(H) > Ra(F,) + |S| — | and
Ry(G) = 3. Thus, Ry(H) =3 if and only if l = 1, |S| = 0 and H; = F,, where
v > 7. From (4.30), r = |7| = 0. From (4.28), it follows immediately that

H=F,U(JCn)UfDsUTi1,. (4.31)

Since h(G) = h(H) and h(Cy) = h(Dy), from Theorem 2.1.1, the condition of

theorem and (4.31), we have

k
h(An) [TH(Cm,) = R(F)R(T111)[(Co) T B(Ch)). (4.32)

i=1 i
From (i) and (ii) of Theorem 3.2.5 and Lemma 3.2.6, we know that 5(G) =
B(Ay) and B(H) = B(F,). From Lemma 3.2.7, it is clear that h(Py)|h(Fi7),
h(P2)|h(F11), h(Py)|h(F7) and h(P)|h(Fg). Recalling that h(P,,) fh(H), for
all m > 2, we have that v # 7,8,11 and 17. Thus, by the condition of the
theorem and (v) of Theorem 3.2.5, we have that n # 5,6, 7, 8.
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Suppose that n = 9. Clearly v = 9. From (v) of Lemma 3.2.7 and (4.32),
it follows that

k
h(Be)h(Tya1) [ [ (Comi) = (Bs)(Ca)P(T11 1) [M(C)) T 1(Cony)-

i=1
So,

k

[17(Cm) = mCHICH) [T (Cn))-

i=1 i
By Lemma 4.2.5, UleCmi = (4 U; Cy, U fC4, which contradicts m; > 5 for
all 4.

Suppose that n > 10. Obviously, v > 10. Again by Theorem 3.2.5, it is

not hard to see that, for n > 10 and v > 10, 8(A,) < B(F,). This contradicts
h(G) = h(H).

Case 2. t =0. From (4.30), r =1 =|7| = 0. So, from (4.28),

H=HU(JCn)UrDsu (] Dy, (4.33)
i jes
where H; is connected and Ry(H;) = —1, u; > 5, for all j € S, and n; > 4,
for all i.

Since Ry(G) = R2(H), from Lemmas 4.6.1, 4.6.2 and 4.6.4 and Theorem
4.6.1 we have that Ro(H) > Ro(Hp)+|S| and R2(G) = 3. Thus, Ro(H) = 3 if
and only if |S| =0 and Hy € {A,|v > 5} U{B,, C3(P2, P2), K |[v > 7}. Note
that, for all m > 2, h(Py,) fh(Hi), whereas h(P»)|h(C3(P2, P2)), h(P2)|h(K} )
and h(P2)|h(As). So, Hy € {Ay|v > 6} U{By|v > 7}. From (4.33), it follows
immediately that

H=HU( JCn)U Dy (4.34)

Since h(C4) = h(Dy4), it follows, from (4.34), that

k

i=1 7

Suppose that Hy = B, and v > 7. From Theorem 3.2.5, Lemma 3.2.6
and (4.35), we have 5(G) = ((A,) and S(H) = B(By). So, B(By,) = ((Ay).
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Hence, from Theorem 3.2.5, we have that 3(B,) = $(A,) if and only if v = 10
andn=6,orv=7andn=71.
If n = 6, then v = 10. Since h(Bjg) = h(Cy)h(As), it follows from (4.35)

that
k

[T 4(Cm.) = R(CHRCHY T] (Chy)-
i=1 i
From Lemma 4.2.5, we have that U¥_,C,,, = Cy U; Cp, U fCy. This again
contradicts m; > 5 for all 3.

If n =7, then v = 7. By Lemma 3.2.7, A7 ~; B7. Thus, we have that
£ =0 and [A7 U (UL, Con) )l = {A7 U (U, Com,), B U (U, Cony) -

From the above arguments, we must have Hy & A, if v > 8. Comparing the
minimum real roots on both sides of (4.35), from Lemma 3.2.6 and Theorem
3.2.5, we have H; = A,,. Thus, it follows from (4.35) that

k

[T 7(Cm) = (€)Y T] P(Cn)- (4.36)
i=1 i
By Lemma 4.2.5 and (4.36), f =0 and H = G for n # 7 and n # 2(mod 3).
This completes the proof of the theorem. O

Corollary 4.6.1. Forn > 5 and n # 2(mod 3), A, is x-unique if and only if
n#"T.

Theorem 4.6.4. Let G = BnUanuwaU(Uf:lCmi), where m; Z 2(mod 4),

and m; > 5 and m; # 9,15, for all i, and n > 7. Then [G];, = {G} except for

the following cases:

(i) [Gn = {G, A7 UaCy UbC15 U (UF_,Cy))}, forn =17;

(i) [G]n = {G, Fi3 U Ty 11U (a — 1)Cy UbCy5 U (UF_,Cpn,)}, for n =8 and
a>1;

(i11) [Glp = {G, F15 UT1 11 UCs UaCy U (b —1)C15 U (U, Oy}, forn =9
and b > 1;

(iv) [G]n = {G, Ag U Cy UaCy UbCys U (UF_,Cpn,), Ag U Dy U aCy U bC15U
(UF_,Cw))}, for n = 10.

In particular, G is x-unique if and only if n # 7,10, and a = 0 when n = 8,

and b =0 when n =9.
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Proof. Let H be a graph such that h(H) = h(G), and assume that H =
U;_;H;. From Lemmas 4.2.1 and 4.2.3, we have

s k

Ri(H) =) Ri(H;) = Ri(By) + aRi(Co) + bR1(C15) + Y _ Ri(Crm,) = —1.
=1 i=1

(4.37)

With the same argument as Theorem 4.6.3, we can assume, from (4.37)
and Lemmas 4.2.1 and 4.2.3, that

H=rKiUH U(JCn)UfDsU (| Du)UlTiaau(|J T), (438
i jes TeT
where H; is connected and Ry(H;) = —1, u; > 5, for all j € S, n; > 4, for all
i, and 7 = {1}, 1,15|1 < U <lp <lzand (I1,l2,13) # (1,1,1)}.
Let q(Hy) = p(Hi) + t. With an argument similar to that of Theorem
4.6.3, we can obtain that

t <1landt=1ifand only if H} = F,, v > 6, (4.39)

and
r4+14+|7T| =t (4.40)

So, we consider the following cases.

Case 1. t =1. So, | < 1. Obviously, Hy £ F,, and v > 6.

From h(H) = h(G), we have Ro(G) = Ro(H). Using an argument similar
to that of Case 1 of Theorem 4.6.3, from Lemmas 3.6.1, 3.6.2 and 3.6.4 and
Theorem 3.2.5 we can show that { =1, |S| =r = |7| =0 and H; = F,,, where
v > 7. So, it follows immediately, from (4.38) and h(D4) = h(C4), that

H=F,U (U Cnl) U fD4 U T171,1 (4.41)
and
k
(B [A(Co)*[(C15))" [ [ M(Crmy) = W(E)R(T11,0)[M(C)Y [ A(Cro)-
=1 7
(4.42)

From Theorem 3.2.5 and Lemma 3.2.6, we know that 5(G) = [(B,) and
B(H) = B(F,). From (G) = B(H), again by Theorem 3.2.5, it is not hard to
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see that there exists a positive integer j such that v =27+ 1 and n =75+ 2,
where j > 5. Thus, from (4.42), we have that

!
h(Bj+2)[h(09)]a[h(015)]bH h(Crm,) = h(Fajs1)h(Ty11)[h(Ca)) Hh(cm)-
= " (443)
Since h(Fpj4+1)h(K1) = h(D;)h(Bj42) for j > 4, it follows from (4.43) that
k
h(K1)[h(Co)|*[h(C15)]" [ [ 2(Cim,) = R(Dj)(Ty1,)[M(Ca)) T R(Cr)).
=1 7

(4.44)

Now we consider the minimum real roots of both sides of equation (4.44).
We denote respectively by 3(right) and (left) the minimum real roots of the
right-hand side and of the left-hand side of equation (4.44).

Suppose that there are i and j such that 5(right) = 3(Cy,,;) and SB(left) =
B(Chr;). By Corollary 3.2.1, Cp,, & Cp;. After eliminating a factor h(Cp, )(=
h(Cy,)) from both sides of equality (4.44), we repeat the elimination procedure
and must obtain that there are ¢’ and j” such that §(right) = B(Cp,,) and
B(left) = B(Dj:). Clearly, 8(Cy, ) = B(Dj). By Corollary 3.2.1 and Lemma
4.3.2, we have that my = 9 and j/ = 6, or my = 15 and 5/ = 7, or my = 6
and j/ = 5. From the condition of the theorem, m; # 6, for all i. Note that
h(Bg)h(C15) = h(F15)h(T1,1,1)h(Cs) and h(Bg)h(Cy) = h(Fi3)h(T11,1). So, it
is not hard to see that (4.43) holds if and only if @ > 1 and j =6, or b > 1
and j = 7. By (4.42), we have that

k

[A(CoI* (C15)* T W(Cim,) = [R(C)Y H h(Cn,)

=1

or
k
h(Cs)[P(Co))*[A(C15))" T [ (Cmi) = [M(C)Y T] P(Cio)-
=1 [

By Lemma 4.2.5, we know that, if ¢t = 1, then f = 0. Thus, H € {Bg U aCy U
bCq5 U (UleCmi), Fi3U T171’1 U (a — 1)09 UbCis U (Ule(l’mi)}, for n = 8, and
H ¢ {BgUanUwaU(UéC:lCmi),F15UT171,1UC5U(ZCQU(b—l)clg,U(U?:lCmi)},
for n = 9. This proves (ii) and (iii).
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Case 2. t=0. So,r=1=|7T|=0.
With a proof similar to that of Case 2 of Theorem 4.6.3, we can obtain
that

h(B) H h(Cr,) = h(Hl)[h(C4)]f H h(Ch,) (4.45)

and Hy € {Ay|v > 6} U{By|v > T7}.

From Theorem 3.2.5 and Lemma 3.2.6, (G) = 3(B,) and f(H) = 5(A,).
Again by Theorem 3.2.5, it is not difficult to see that 5(B,) = ((A4,) if and
only if n=7and v =7, or n =10 and v = 6.

Suppose that n = 7 and v = 7. By Lemma 3.2.7, B7 ~, A7. By Lemma
4.2.5 and (4.45), we have that f =0 and (i) of the theorem holds.

Suppose that n = 10 and v = 6. By Lemma 3.2.7, Big ~, Ag U C4 and
Big ~p Ag U Dy. By (4.45), we have

k

W(Ca) ][ (Crmi) = IOV ][ 1(Cr)-

=1

Comparing the minimum real roots of both sides of the above equation, by
Dy ~p, C4 we know that (iv) of the theorem is true.

Since n # 5,6, we have that n > 8 and v > 8. Comparing the minimum
real roots of both sides of (4.45), from Lemma 3.2.6 and Theorem 3.2.5 we
have Hy = B,,. Thus, it follows from (4.45) that

k
[17(Cm) = [(C)I [T A(Cn)). (4.46)
i=1 i
By Lemma 4.2.5 and (4.46), we have that f =0 and H = G. O

By Lemma 3.2.7 (vi) and Theorem 4.6.4, we have

Corollary 4.6.2. For all n > 6, B, is x-unique if and only if n # 6,7 and
10.
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4.7 A new invariant R3(G) for adjointly equivalent

graphs and its application

We introduce a new invariant R3(G) in this section and give some useful
properties. By using these properties, we get some new chromatically unique
graphs.

For any graph G, set R3(G) = R1(G)+¢q(G)—p(G). Clearly, R3(K;) = —1,
R3(P3) = R3(P3) =0, and R3(K3) = 1. It is not hard to see that R3(G) is an

invariant. From Lemmas 4.2.1 to 4.2.3, we prove easily the following theorems.

Theorem 4.7.1. Let G and H be two graphs such that h(G,z) = h(H,x).
Then
R3(G) = R3(H).

Theorem 4.7.2. Let G be a graph with k components G1,Ga,--- ,Gy. Then

k

R3(G) = Z R3(Gy).

Theorem 4.7.3. Let G be a connected graph with e = uv € E(G). Then
R3(G) = R3(G —e) —da(e) + 2,
where dg(e) = |[Ng(u) U Ng(v)| — 2.
Let £ = {P,, Cpi2, D2, Frya, Ka, K, K3|ln > 2}. We have

Theorem 4.7.4. Let G be a connected graph. Then
(i) R3(G) < 1, and the equality holds if and only if G = K.
(ii) R3(G) =0 if and only if G € L\{K3}.

Proof. (i) By induction on ¢(G). By R3(K;) = —1 and R3(P,) = R3(P3) =0,
(i) holds for ¢(G) < 2.

Let G be a connected graph with uv € E(G). We denote by (G — uwv)g
the subgraph induced by E(G — uv). Suppose ¢(G) =k > 3 and (i) holds for
q(G) < k. Choose an edge e € F(G) such that (G — e)g is connected. Since
q(G) > 3, one sees that dg(e) > 1. We distinguish the following three cases:



100 Chapter 4

Case 1. dg(e) > 2 and G — e is connected. By Theorem 4.7.3 and the

induction hypothesis,
R3(G) = R3(G —e) —dg(e) +2 < R3(G —e) < 1.

Note that R3(G) = 1 if and only if R3(G —e) = 1 and dg(e) = 2. By the
induction hypothesis, G—e =2 K3, which contradicts the fact that G is a simple
graph. So, R3(G) < 0.

Case 2. dg(e) =1 and G —e is connected. Note that e = wv must be an edge
of a triangle in G such that d(u) = d(v) = 2. If G = K3, then R3(K3) = 1. If
G % K3, then we can choose a new edge «/v’ in the triangle such that d(u’) > 3
or d(v') > 3. Tt is obvious that dg(u'v') > 2 and that G — u/v’ is connected.
By Case 1, (i) holds.

Case 3. G — e is disconnected. Remembering that (G — e)g is connected, we
know that e must be a pendant edge, that is G —e = (G —e)p U K7 . By
R3(K1) = —1 and Theorems 4.7.2 and 4.7.3, R3(G) = R3((G—e)g)—da(e)+1.
By the induction hypothesis, we have

Rg(G) = Rg((G — e)E) — dg(E) +1< Rg((G — e)E) <1,

and R3(G) = 1 if and only if R3(G —e)g = 1 and dg(e) = 1. So, by the
induction hypothesis, (G — e)p = Kj3. Clearly, there exists no edge e in G
such that dg(e) =1 and (G — e)p = K3. Hence R3(G) < 0. This completes
the proof of (i).

(ii) We prove (ii) by induction on ¢(G). Since R3(K7) = —1 and R3(P») =
R3(Ps) = 0, we know that (ii) holds if ¢(G) < 2.

Let G be a connected graph. Suppose ¢(G) = k > 3 and (ii) holds when
¢(G) < k. We can choose e € E(G) such that (G — e)p is connected and
dg(e) > 1. We distinguish the following two cases:

Case 1. G — e is connected. Clearly, G contains at least one cycle. Note
that ¢(G) > 3 and R3(K3) = 1. If G 2 K3, then we can choose an edge
e such that dg(e) > 2 and G — e is connected. Since R3(G) = 0, we have
dg(e) = R3(G — e) + 2, by Theorem 4.7.3. So, for each G % K3, we only need

consider the following two subcases:
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Case 1.1. R3(G —e) = 1 and dg(e) = 3. By the induction hypothesis,
G — e =2 K3. Clearly, this is impossible.

Case 1.2. R3(G —e) = 0 and dg(e) = 2. By the induction hypothesis,
G—eec L\{K3}. If G—e € {P,Jn > 2}, then G € {Cy,, Dypy|n > 4,m > 4}; if
G—eec{Cyn >4}, then G = K, (only if G—e = Cy); if G—e € {Dy|n > 4},
then G € {K , Fyln > 6};if G—e = K, then G = Ky; if G—e € {F),, K4|n >
6}, then G has no edge e such that dg(e) = 2, which is impossible.

Case 2. G — e is disconnected. It is obvious that e must be a pendant edge.
From Theorem 4.7.2, we have R3(G —e) = R3((G —e)g) — 1. Hence, we have
da(e) = R3((G — e)g) + 1 by Theorem 4.7.3. Since R3(G) < R3((G —€)g),

we only consider the following two subcases:

Case 2.1. R3((G —e)g) = 1 and dg(e) = 2. By the induction hypothesis,
(G —e)p = K3. Since e must be a pendant edge in G, we have G = Dj.

Case 2.2. R3((G —e)g) = 0 and dg(e) = 1. By the induction hypothesis,
(G—e)g € L\{K3}. If (G—e)p € {P,|n > 2}, then G € {P,|n > 3};if (G —
e)g € {Dp|n > 4}, then G € {Dy|n > 5};if (G—e)g € {Chn, Fr, K4, K |m >
4,n > 6}, then G has no an edge e such that dg(e) = 1, which is impossible.

Conversely, the necessity of (ii) follows from Lemma 4.2.3 immediately. O

Remark 4.7.1. An alternative proof of Theorem 4.7.4 was given by Dong,
Teo, Little and Hendy in [27].

Theorem 4.7.5. Let F, = {aK3UJ,; Gi|G; € L and h(K3) fh(G;)}, where

a 1is a nonnegative integer. Then F, s adjointly closed.

Proof: Suppose that G € F, and H ~j, G. It is sufficient to prove that
H € F,. Namely, we show that H contains exactly a components K3 and that
each component of H belongs to L.

Clearly, h(H) = h(G). Denote by N4 the number of components K3
in H. By Theorems 4.7.1, 4.7.2 and 4.7.4, we have R3(G) = R3(H) = a
and Ny > a. Since hi(Ks3) is irreducible over the rational number field and
[R(K3)]2T fh(G), we have [h1(K3)]*Tt Jh(H), so, No < a. Thus N4 = a,
which implies H has exactly a components K3 and R3(H;) = 0 for every com-
ponent H; of H, except for K3. By Theorem 4.7.4, H; € L for each i and
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H e F,. g

We denote by A, A;, B, B;, C, M;, E and E; the multisets of certain positive

integers, where ¢ = 1, 2.

Theorem 4.7.6. Let a,t,r be nonnegative integers and let G = (UjeaP;) U
(UjeBCj)U(Ugerm D) U(Use p Fs) UaK3UtK | UrKy, wherei > 2, i # 4(mod 5)
and i is even, j > 5, k % 3(mod 5) and k > 9,s # 2(mod 5) and s > 6. Then
G is x—unique if and only if j #i+1if2& A, orj #6,9,15 and j # i+ 1 if
2¢€ A

Proof. By Theorem 1.1.1, it is not difficult to see that we need only consider
the necessary and sufficient condition for G to be adjointly unique.

Let H be a graph such that h(H) = h(G). By Theorem 2.2.5, we get that
hi(K3) = hi1(Py) fhi(Y) for each Y € {F;|i > 2,i # 4(mod 5)} U{Cj|j > 4} U
{Dg|k > 4,k # 3(mod 5)} U{Fs|s > 6,5 % 2(mod 5)}. So, by Theorem 4.7.5,
H e F,. Assume H = aK3U H; and G = aK3 U G1. Then, h(Gy) = h(H).
Without loss of generality, by Theorems 4.7.4 and 4.7.5, we may assume that

G1 = (UieaP;) U (UjepCj) U (Urem Di) U (UsepFs) UtKy UTK)y
and
H, = (UileAlpil) U (UjleBlcjl) U (Uk1€M1Dk1) U (U81€E1F81) U t1K4_ Uri Ky,

where i, j, k and s satisfy the condition of the theorem.

It suffices to prove Hy = Gy. Since hi(Dg) = (22 45z +4)h1(K3), we have
that H; does not contain the component Dg. By calculation, we have that
hi(Ky) = 2% + 622 + 7z + 1 and h(Fg) = 2* + 723 + 1322 + 7z + 1. Tt is easy
to verify that B(Ky) < B(Fs). Thus, by Theorem 3.2.5 we have

B(Ky) < B(Fs) < B(Fr) < -+ < B(Fp-1) < B(Fn) < B(Dm)
< B(Dm—1) < --- < B(Dyg) < B(Dg) = B(K, ) = —4.

By comparing the minimum real roots of hi(G;) with those of hi(H;), we
know that r = ri,t = t1, |E| = |E1| and M C M. Eliminating all components
G* with B(G*) < —4 from G; and H;y, we obtain

h((VieaPi) U (UjepCj)) = h((Uiea, i) U (Ujes, Cj) U (Ukerr, D)),
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where My = M\ M.

By Theorem 4.3.2, we know that (U;eaF;) U (UjerC}) is x—unique if and
onlyif j#i4+1if2¢ A, or j #6,9,15and j #i+1if 2 € A, when i and
j satisfy the condition of the theorem. Hence Ms = ¢ and M = Mj, which
implies Hy £ G1 and H =2 G. ]

In particular, from Theorem 4.7.6 we have

Corollary 4.7.1. Let k # 3(mod 5) and k > 9, s # 2(mod 5) and s > 6.
Then (UsFs) U (UgDy) is x—unique.

Corollary 4.7.2. Let K(ni,na,--- ,n¢) be the complete t-partite graph. Then
K(2,---,2,3,--+,3,4,--- ,4) is x-unique.

Remarks

In this chapter, we investigated the chromaticity of some dense graphs, by
using results obtained in Chapters 2 and 3. By using the fact 5(H) = B(G) if
H ~j, G and Theorem 3.3.2, we established a necessary and sufficient condition
of chromatic uniqueness of a dense graph such that its minimum degree is
greater than or equal to the number of vertices minus 3, see Theorems 4.3.1,
4.3.2 and 4.3.3. Theorem 4.3.4 gave a necessary and sufficient condition for
U;U,,, where n; > 6, to be chromatically unique. Theorems 4.4.3 and 4.4.4
gave a necessary and sufficient condition for two graphs H and G with the
minimum real roots of their adjoint polynomials greater than or equal to —4
to be adjointly equivalent. Theorem 4.3.1 gave a negative answer to two
conjectures proposed in 2002 by Dong, Teo, Little and Hendy in Discrete
Mathematics. By using results on invariants R;(G) and Ra(G), some results
on the divisibility between h(P,,) with the adjoint polynomials of some special
graphs, see Theorems 2.2.4 and 2.2.5, and some inequalities on the minimum
real roots of the adjoint polynomials of some special graphs, see Theorems
3.2.5 and 3.2.6, we got some new chromatically unique graphs, see Theorems
4.5.1 and 4.5.2 and Corollaries 4.5.1 and 4.5.2 in Section 4.5, and all adjointly

equivalent graphs for two classes of graphs with R;(G) = —1, see Theorems
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4.6.3 and 4.6.4 in Section 4.6. A new invariant R3(G) in Section 4.7 was
introduced and some properties of R3(G) were found, see Theorems 4.7.1 to
4.7.4. By using these properties, we obtained some new chromatically unique
graphs, see Theorem 4.7.6 and Corollaries 4.7.1 and 4.7.2. Although all graphs
studied in this chapter have no close relation with those in Chapters 5 and 6,
from a byproduct of this chapter, i.e., Corollary 4.7.2, we feel that we shall
get some new results on the chromaticity of complete multipartite graphs, by
using some properties of adjoint polynomials. In Chapter 5, we shall study
the chromaticity of complete multipartite graphs, by using the results on the

minimum real roots of adjoint polynomials.



Chapter 5

The Chromaticity of
Complete Multipartite
Graphs

5.1 Introduction

In Chapter 4, by using results obtained in Chapters 2 and 3 we investigated the
chromaticity of dense graphs of form K,, — E(H ), where H is the union of some
sparse graphs. Naturally, we wish to obtain some results on the chromaticity
of complete multipartite graphs by applying some results in Chapters 2 and
3. Indeed, in this chapter, we get two interesting results, which confirm a
conjecture and a problem posed by Koh and Teo in 1990, by applying some
results on the minimum real roots of adjoint polynomials.

For the chromaticity of complete multipartite graphs, some researchers,
including Chao, Dong, Koh, Novacky, Peng, Teo, Solzberg, Lopez, Guidici et
al., focused on the chromaticity of complete bipartite graphs. After Teo and
Koh [71] showed that all complete bipartite graphs K (n,m) are y-unique, for
n > m > 2, many results on the chromaticity of complete multipartite graphs
were found, see [18, 41, 43, 48, 83-88].

In particular, the authors in [7, 18, 43] obtained the following y-unique
graphs:

105
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i) K(ni,ng, -+ ,ny), for [n; —nj| <landn; >2,i=1,2,--- ,t;

ii) K(n,n,n+k), forn>2and 0 <k <3;

iii) K(n—k,n,n), forn>k+2and 0 <k < 3;

iv) K(n —k,n,n+k),forn>5and 0 <k < 2.

From 1998 to 2002, Zou and Shi in [83-88] gave some y-unique complete

(
(
(
(

tripartite graphs as follows.

(i) K(n —k,n,n), for n > k + k?/3;

(i) K(n,n,n+ k), for n > (k + k?)/3;

(iii) K(n — k,n,n + k), for n > k? + %k;

(iv) K(n —4,n,n), for n > 6.

In [48], Li and Liu showed that K(1,ng,---,n:) is x-unique if and only if
max{n;li =2,3,--- ,t} <2.

In [41], Giudici and Lopez proved that the complete ¢-partite graph K(n —
L,n,---,n,n+1), for t > 2 and n > 3, is x-unique.

In 1990, the authors in [18, 43] proposed the following conjecture and

problem:

Conjecture 5.1.1. (/18, 43]) For any integers n and k with n >k +2 > 4,

K(n —k,n,n) is x-unique.

Problem 5.1.1. ([43]) Let t > 2. Is the graph K(ni,nz,--- ,n;) x-unique if
Ini—nj| <2, foralli,j =1,2,--- ,t, and sufficiently large min{ni,na,--- ,n}?¢

In this chapter, we first give some basic lemmas in Section 5.2. Then
in Section 5.3 we investigate the chromaticity of K(r,m,n), for n > m >
r > 2, and give a positive answer to the above conjecture. We also show that
K(n—Fk,n—1,n), forn > 2k and k > 2, is x-unique. In Sections 5.4 and 5.5, by
using some results of the minimum real roots of adjoint polynomials, we show
that the complete t-partite graphs K(n — k,n,n,--- ,n) is x-unique, for all
k>2,n>k+2andt > 3. Some sufficient conditions for K (ny,ng,--- ,n¢) to
be chromatically unique are established. Furthermore we solve Problem 5.1.1
completely.

For a graph G, let S € E(G) and |S| = s, we denote by G — S (or G — s)
the graph obtained from G by deleting all edges of S and write oy (G — S) =
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a(G—S,t)—
t

that n = > n; and |n; —n;| <1, foralli,j =1,2,--- ,t.
i=1

a(G,t). Denote by T}, ; the unique complete t-partite graph such

5.2 Some basic lemmas

For disjoint graphs G and H, we recall that G+ H denotes the join graph of G
and H with vertex set V(G) UV (H) and with edge set {zy|z € V(G) and y €
V(H)}UE(G)UE(H). In fact, G+ H = GU H.

Lemma 5.2.1. (4, 5/) Let G and H be two disjoint graphs. Then
o(G+ H,z)=0(G,z)o(H,zx).

In particular,

U(K(n17n27n37 e 7nt)7x) = HU(Onz7x)

Remark 5.2.1. The above lemma is equivalent to the following: Let G and
H be two disjoint graphs. Then

h(GUH,z) = h(G,z)h(H, z).

In particular,

h(K(n17n27n37 e Jnt)7x) = Hh(Knﬂx)

Lemma 5.2.2. ([, 70]) Let S(n,k) denote the Stirling number of the second
kind. Then

(i) 5(On,z) = 32 S(n, i)', where Op = Koy
=1
(ii) S(n,1) =1 and S(n,2) = 2"~ — 1.

From Lemmas 5.2.1 and 5.2.2, we have

Lemma 5.2.3. Let G = K(ny,ng, - ,n). Then
(i) for1 <r<t—1, a(G,r) =0,

t
(ii) a(G,t) =1 and a(G,t +1) = > 2t — ¢,
i=1
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Lemma 5.2.4. ([6]) Let G = K(ny,na,--- ,n) with n vertices. Then
(i) ¢(G) < q(Ty ), where equality holds if and only if G =Ty 4;
(1) ¢(Thyt) — q(G) > maz{n;li =1,--- ,t} —min{n;|i =1,--- ,t} — 1.

Lemma 5.2.5. ([43]) Let G and H be two graphs with G ~ H. Then
V(&) = [V(H)|, |[E(G)| = |[E(H)|, Na(G) = Na(H) and o(G,r) = o(H, 1)
forr=1,2,3,--- p(Q).

¢
Lemma 5.2.6. Let G = K(ny,na, -+ ,n) with Y. n; = n and ny < ng <

=1
- < ng. Suppose that H is a graph such that H ~ G. Then there is a graph
F = K(my,ma,---,my) withmy < mg--- < my and there is a set S of s edges
in F such that H=F — S, s = q(F) — q(G) > 0 and F and G must satisfy

the following conditions:
¢ ¢
(i) 2omi= 3 ni=n,
i=1 i=1
(1) mq "_\/(t_1)219<j5t(m_”j)2, and

t
(i) my 2 "D Bl

Y

Proof. Since H ~ G = K(n1,na,--- ,n), we have that o(H,z) = 0(G,z) =
o(K(n1, na, --+,n¢),z). From Lemma 5.2.3, a(H,t) = a(G,t) = 1, which
means that V(H) has the unique ¢-independent partition, say { A1, Ag, -+, A }.
Since a(H,r) = a(G,r) = 0, for r < t — 1, we have that H is a t-partite
graph. Let |A4;| = m;, i = 1,2,---,t. Then there is a set S of s edges in
F = K(mj,ma,--- ,my) such that H = F — S. Remembering that o(H,z) =
t
o(G,z), we have that p(H) = p(G) and q(H) = ¢q(G). Clearly, > > m; =
i=1
t
> n;=nand s = q(F) — ¢(G) > 0, which implies that (i) is true.
i=1
Now we prove (ii) and (iii). Let z denote the minimum value of m; such

that s > 0. Then (K (z,ma, ms,--- ,m¢))—q(G) > 0 for some (mg, ms, -+ ,my).

Denote by K(z,y2, - ,y:) the complete t-partite graphs with z < yo <
t

yz--- <y and |y; —y4| < 1, for 4,5 = 2,3,---,t, where Y y; = n — z.

i=2
Note that

q(K(ma, - ymi—1,mi + Ly, - omy—,my — 1mggg, - -my))—
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q(K(mla' Cr oy TNG—1, TG, T4 1, 0 - 7mj—1)mj7mj+17' : mt)) == mj —m; — 1

for i < j and m; < m;. So, it is not difficult to see that ¢(K(z,y2, - ,y)) >
Q(K(zam2>m37"' amt))a for all (m27m37"' amt)a and Q(K(z7y27 ayt)) é

2
z(n—2z)+ % (%‘f) . Therefore, one can see that if s > 0, then z must

satisfy the following inequality:

(t—1)(t —2) <n—z

z(n—2)+

2
2 t—1> —4(G) 20

By solving the above inequality, we have

n— E= D= D2 = 2(C)) _ __ n+ /= D= D = 2(G))
t - t

Since ¢(G) = >, mynj and n = ) n;, we have
1<i<j<t i=1

(t—1)n> =2(G)t= > (ni—ny)’.

1<i<j<t
So, (ii) holds.
Taking z = n1, we have
t—1(t—2) (n—2\>
o)+ D (B25) g6 2 (@) - (@) 20
n—y/(t— N L .
Hence, nq > AC 1)21?“9( s) , which implies that (iii) holds. O

Lemma 5.2.7. Let G = K(ny,ng, - ,n) and let H =G — S for a set S of
s edges of G. If min{n;|i =1,2,--- ,t} > s+ 1, then

s<oapi(H)=a(H,t+1)—a(G,t+1) <2° -1,

arr1(H) = s if and only if the subgraph induced by any r > 2 edges in S is
not a complete multipartite graph, and a1 (H) = 2° — 1 if and only if all s
edges in S share a common end-vertex and the other end-vertices belong to the

same A; for some 1.
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Proof. Obviously, a (¢t + 1)-independent partition of V(G) is a (¢ + 1)-
independent partition of V(H); however, the converse is not always true. So,
for a (t+1)-independent partition B of V/(H), we have the following two cases.
Case 1. B is a (¢t + 1)-independent partition of V(G).

Case 2. B is not a (¢t + 1)-independent partition of V(G).

Clearly, the number of (¢ 4+ 1)-independent partitions B of V(H) in Case
1is a(G,t +1). Next we consider the (¢t + 1)-independent partitions B of
V(H) in Case 2. Let {A;, Aa, -+, A;} be the unique ¢-independent partition
of V(G), and let b(H) = {By|Bo is an independent set in H and there are at
least two A; such that By N A; # ¢}. Since min{n;|i = 1,2, - ,n;} > s+ 1,
we know that A; — By # ¢, for any ¢ = 1,2,--- ¢, where A; — By denotes
the subset of A; obtained by deleting all elements of By from A; (otherwise,
for some ¢ we would have A; C By, and so |By| > |4;| > s + 1, which would
imply that By is not an independent set in H, since By intersects at least two
A; and we only deleted s edges from G to get H). So, we see that By € b(H)
if and only if {By, A1 — By, -+, Ay — Bp} is a (t + 1)-independent partition
of V(H) of Case 2. Thus, we have a(H,t + 1) = a(G,t + 1) + |b(H)|, i.e.,
a(H,t+1) — a(G,t+ 1) = |b(H)|. Note that each By of b(H) is composed of

pairs of end-vertices of some edges in S. We thus have
s<|b(H)| =a1(H) <2°—1.

It is not difficult to see that the lower bound s can be reached if and only if the
set of all end-vertices of any r > 2 edges in S is not an independent set and
the upper bound 2° — 1 can be reached if and only if the set of all end-vertices

of any r > 1 edges is an independent set. ]

Lemma 5.2.8. ([71]) Letn >m > 2. Then K(n,m) is x-unique.

5.3 The chromaticity of complete tripartite graphs

In this section, we study the chromaticity of complete tripartite graphs by

computing the number of triangles of the complete tripartite graphs.

Theorem 5.3.1. For any integers n > m > r > 2, we have [K(r,m,n)] C
{Kx,y,z) -Si <z <y<zm<z<nzt+y+z=n+m+rSC
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E(K(x,y,z)) and |S| = zy+zz+yz—nm—nr—mr}. In particular, if z = n,
K(r,m,n) = K(z,y, z).

Proof. Let G = K(r,m,n) and H ~ G. We prove that H € {K(z,y,z) —
Sl<z<y<zm<z<nzxt+y+z=n+m+r,S C E(K(z,y,2)) and |S| =
ry + 2z +yz —nm—nr —mr}.

From Lemma 5.2.6, we know that there exists a graph F' = K(x,y,2)
and S C E(F) such that H = F' — S and |S| = s. We may assume that
1 <z <y<z Clearly, s = q(F) —q(G) = 2y + xz + yz — nm — nr — mr and
r4+y+z=n+m-+r. Now we only prove that m < z < n.

Since H ~ G, by Lemma 5.2.5 we get Na(G) = Na(H). We consider
the numbers of triangles in G and H. Without loss of generality, let S =
{e1,€2, -+ ,es} C E(F). Denote by N4(e;) the number of triangles containing
the edge e; in F. It is not hard to see that N4(e;) < z. Then

Nu(H) > Nu(F) — sz, (5.1)

and the equality holds if and only if N4(e;) = z, for all e; € S.
Let 3 = N4(F) — NA(G). Tt is obvious that No(F) = zyz, Nao(G) = nmr

and § = xyz — nmr. So, we have
NA(G) = Na(F) — . (5.2)
Since Na(G) = Na(H), from (5.1) and (5.2) it follows that
B < sz. (5.3)

Let f(z) = 8 — sz. Recalling that x + y =n+m+r — 2z, § = xyz — nmr
and s = xy + xz + yz — nm — nr — mr, we have
f(z) = xyz—nmr—[zy+ (x+y)z —nm —nr —mr|z
(5.4)
= (z—=n)(z—m)(z—1).

From the fact that t +y+z=n+m+r and x < y < z, we have z >
W > r. Note that if z = r, then n = m = r, which implies K (n,m,r) =
K(n,n,n). Clearly, z = m = n. For z # r, from (5.4) we have that the
inequality (5.3) holds if and only if m < z <n. So, H € {K(z,y,2) — S|1 <
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r<y<zm<z<nl|S=zy+az4+yz—nm—nr—mrx+y+z=
n+m+r S C E(K(z,y,2)}.

We now prove that K(z,y,z) = K(n,m,r) if z = n. Suppose that z = n.
We distinguish the following cases.

Case 1. m <y < n. Clearly xt+y = m+r and x < r. Hence s =
Yy +xn+yn —nm —nr —mr = zy — mr. One can show that s < 0, for z < r

and y > m. This contradicts s > 0.

Case 2. y=m. Then x =r and F = K(r,m,n). So, s=0 and H = G.
Case 3. = <y < m. Let {X1, X2, X3} be the unique 3-independent partition
of K(z,y,n) such that | X;| =z, |X2| =y and |X3| =n. By f(z) = f(n) =0,
we have that § = sn. From (5.1) and (5.2), we have Nao(G) = Na(H) =
NA(F) — sn and Na(e;) = n, for all e¢; € S. Thus for every edge ¢; in S,
an end-vertex of e; belongs to X7, whereas the other end-vertex of e; belongs
to Xy. Hence H contains K, as its component. Set H = H; U K,,. Then
H = H; + O,,. From Lemma 5.2.1 and o(H) = (K (r,m,n)), we have

o(H1)o(0y) = (O 4 Op)a(Oy).
So
o(Hy) = o(Op + On),
which implies that P(Hi,\) = P(K,m,, A). Hence, from Lemma 5.2.8 and the

condition of the theorem, we have Hy = K,.,,. So, y = m, which contradicts

y < m. This completes the proof. ]

From Theorem 5.3.1, we know that z = n if n = m. Therefore a positive

answer to Conjecture 5.1.1 is described in the following theorem.

Theorem 5.3.2. For any integers n and k withn > k+2 >4, K(n—k,n,n)
18 Y -Uunique.
Further we can give a new class of y-unique complete tripartite graphs as

follows.

Theorem 5.3.3. For any integers n and k withn > 2k >4, K(n—k,n—1,n)

18 X -Uunique.
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Proof. Let G = K(n — k,n—1,n) and H ~ G. We prove that H = G.
By Theorem 5.3.1, we have that H € {K(z,y,2)—-S|[1 <z <y<zn—-1<
z<n,|S|=ay+rz+yz—3n?+2nk+2n—kax+y+z=3n—k—1} and

H =G, for z =n. For z =n — 1, we distinguish the following cases.

Case 1. y=2z=n—1. Then H=Kn—-k+1,n—-1n—-1)— 5. Let
F=K(n—k+1,n—1,n—1) and |S| = s. Obviously, s = q(F)—q(G) = k—1.
Let ay(H) = a(H,4) — o(F,4). From Lemma 5.2.3,

(G, 4) =2n k=1t pgn=2 pon=l _ 3 (5.5)

a(H,4) =2"7F 42771 — 3 4 ay(H). (5.6)

By the condition, n —k+1>k+1 > s+ 2. By Lemma 5.2.7, it follows
that s < ay(H) < 2% — 1. Since k > 2, from (5.5) and (5.6) it follows that

(G 4) — a(H,4) > 23 — ay(H).

Remembering that the condition of the theorem and that s = k — 1, we have

immediately that
a(G,4) —a(H,4) > 281 —2k1 11> 1,

This contradicts «(G,4) = a(H, 4).

Case 2. z=n—1and x <y < n— 2. By arguments analogous to those

used for Case 3 of Theorem 5.3.1, we can obtain that H = H; + O,,_1 and

P(Hy,\) = P(K,,,\). Hence we have y = n, which contradicts y < n — 2.
From Cases 1 and 2, z =n. So, H = G. O

5.4 The chromaticity of complete multipartite graphs
(I)

As a generalization of Section 5.3, we consider the following problems in this

section.

Problem 5.4.1. Given any integers k and t, wherek > 2,t > 4 andn > k+2,
is the complete t-partite graph K(n —k,n,--- ,n) x-unique?
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Problem 5.4.2. Given any integers k and t, wherek > 2,t > 4 andn > k+2,
is the complete t-partite graph K(n —k,n—1,---,n) x-unique?

We denote by K, the graphs with n + 1 vertices obtained by adding a
pendant edge to K,. By using the inequality on minimum real roots of the

adjoint polynomial of a graph, we get an important lemma as follows.

t
Lemma 5.4.1. If H is a graph such that h(H,x) = [[ h(Ky,, ), then H does
i=1

(2
not contain a K;{t as its component, where ng < ng < -+ < ny.

Proof. Suppose that H contains a K,‘; as its component. From the condition,

we have that
t

h(H,z) = [ M(En,, ). (5.7)
=1

From Theorem 3.2.2 and n; < np < --- < ny, we have that §(H) < 8(K,}) <
t
B(Ky,) =0 (H h(Ky,, a:)) This contradicts equation (5.7), and the proof is
i=1
complete. 0

Theorem 5.4.1. Let 2 < nj3 < ng--- < ny and G = K(ny,ng, -+ ,ng). If
H ~ G, then
¢

(Z)HG [G} C{K(xth?"' 7mt)*S|1§xlSxQ"'SxtSntain:
i=1

Zt: ni, S C E(K(x1,x2, -+ ,x¢))};

(ii)zgi;ere exists an integer b > 2 such that x1 < xg--- <z <ny — 1 and Ky,
is a component of H for anyi > b+ 1;

(iii) if ©; = n;, for any i > 3, then G = H.

Proof. (i) Let H be a graph such that H ~ G. We only need prove that

t t
H e {K(z1,22,- ,2¢) —S|1 <@y <xp-- <y Sy, p_ a5 = »n;, S C
i=1 =1
E(K(:pl,xg,- o ,(L‘t))}.

From Lemma 5.2.6, we know that there exists a complete ¢t—partite graph

F = K(z1,22,--- ,2¢) and S C E(F) such that H = F — S, |S]| = s =
t

t
q(F) —q(G) and Y z; = > n;. Without loss of generality, we may assume
i=1 i=1
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that 1 < 21 < 29 < -++ < 24. Since h(H) = h(G), from Theorem 2.1.1 and

Lemma 5.2.1 we have that
W(H) =[] (o). (5.8)

From (5.8) and Lemma 5.4.1, it is clear that H does not contain any K,/ as
its component. So we can see that x; < n;. Hence (i) holds.

(ii) From the proof of (i), it is obvious that z; = n; or z; < n; — 1. When
x¢ = N, K, must be a component of H (otherwise, H contains a K;{t as its
component). So, we have that if x; = ny, then 1 < zg--- <axy-1 <ng_;. Let
H = H' UK,,. From Theorem 2.1.1 and (5.8), it follows that

h(H) =[] MEn,). (5.9)
i=1

Similarly, we can show that z;_1 < n;_1 or ;1 = ny_1. So, one can see
that

(*) if x4 =ng and 24— < ny—1, then z; < x9--- <3 <my_1 — 1, while

(**) if 2y = ny and 241 = ny_1, then H' has a component K, .
Repeating this procedure for (**), we know that there exists an integer b > 2
such that 1 < z9--- < 1, < ny — 1 and K,,, is a component of H, for any
i>b+ 1.

(iii) From (ii), we see that if b = 2, then H has t — 2 components: K,
ot

Ky, -+, Ky,. Let H= H"U |J K,,. Thus, by Theorem 2.1.1 and Lemma
i=3

1=

5.2.1, it follows easily that

1=3 =1
From (5.10), we have that
h(ﬁ) = h(Kn1)h(Kn2) (5'11)

By (1.1) and (1.2), one sees that P(H"”,\) = P(K(n1,nz2),\). From Lemma
5.2.8 and the conditions of the theorem, it is not difficult to see that H” =

_ t
K(nl,n2). SO,H: UKm,i.e.,G:H. ]
i=1

1=
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Theorem 5.4.2. For any positive integers n > k+ 2, k > 2 and t > 3, the
complete t-partite graph K(n — k,n,n,--- ,n) is x-unique.

t—1
Proof. Let G = K(n—k,n,n,---,n). Assume that H is a graph such that
H ~ G. We need prove that H = G.

By Theorem 5.4.1, we know that there exists a graph F' = K (x1, 22, - ,x¢)
and S C E(F) such that H = F — S and |S| = s = ¢(F) — q(G), where
g F)= > zzjandq¢(G)=(t—1)(n—k)n+ (tgl)nQ, and 1 <z <z <

1<i<j<t
t
o<z <nand ) x;=nt—k. Let S ={ey,e2,---,es} C E(F), and denote
i=1
by Na(e;) the number of triangles of F' containing the edge e;. It is easy to

¢
see that Na(e;) < > x;, and thus
=3
t
Na(H) = No(F) =5 i, (5.12)
=3

t
where the equality holds if and only if N4(e;) = > z;, for alle; € S. Let a =
i=3

Ny(F) — Na(G). It is obvious that No(F) = 1<‘Z Ktxﬂ;jxl and N4(G) =
<1<|g<I<
(tgl)n2(n —k)+ (tgl)n3. So, we have that
t—1 t—1
a= 2: mwm—( 2)*@—@—( 3>ﬁ (5.13)
1<i<g<i<t
and
NA(G) = Ny(F) — a (5.14)

From Lemma 5.2.5, NAo(G) = Na(H), and thus, from (5.12) and (5.14), the

following inequality must hold:

t
a< sti. (5.15)
i=3
t
Assume that f(z3,24, -+ ,2¢) = @ — s Y x;, and denoted by f;. Since
i=3

t
a =TT Zx@ + (21 + x2) Z T + Z w1
=3

3<i<j<t 3<i<j<I<t
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-1 -1
—<t >n2(n—k)— <t >n3
2 3
and

t
t—1
3:x1x2+(x1+$2)2$i+ Z xixj—(t—l)(n—k)n—< 5 )n27

1=3 3<i<y<t

t
from x1 + x9 = nt — k — > x;, we have, by calculation, that

=3
t 2
f1 = (1’1 + 1‘2) Z TiT; — <E $Z> + Z T;T;T
3<i<<t =3 3<i<g<i<t
t t
— Y mmp Y w+ - —k)n+ (50 X w
3<i<j<t i=3 =

— (G n —k) = ()0’

- <nt—k—ixi>[ sy (La )

i=3 3<i<j<t i=3

TiT;T]
3<'L<]<l<t

_1 Z l‘i:l:jéxi—'_ [(t—l)(n k)n + ) ] Z%
<i<j<t i=
(G- k) - (5

= Yo+ X (x?x] + xpc?) + Y mmgm - (tn—k) > a?

=3 3<i<y<t 3<i<g<I<t =3
t
—(tn—k) ¥ mazj+[(t-1)(n—kn+ (tgl)nQ] >
3<i<j<t i=3

—(5 ) = k) = (51)n?
= Zt:(ml —n)(z; —n+k)+ fo,
= (5.16)
where fo =0, for t = 3, and

fo = > (.732235] + l‘Z:E?) + Y mmgm - (t—-3)n Y 22

3<i<y<t 3<i<g<I<t =3
t
—(tn—k) X mwj+ [(t—4n® - (- 3)nk+ (L )n?] 3 @
3<i<y<t =3
—(tgl)nQ(n —k) - ("3 l)n + (t —2)n® — (t — 2)n?k,

for t > 4.
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Note that 1 < 9 <3 < --- < 2t <n. We may assume that x; = n — a;.
Clearly, each a; is a positive integer and a1 > ag > ag > -+ > a;. From (5.17),

we have, by calculation, that

fo=k Z aa; — Z (a?aj + aiajz) — Z a;ajay. (5.18)

3<i<y<t 3<i<y<t 3<i<i<I<t

t
Since > (n —a;) =nt —k and a; > ag > ag > --- > a; > 0, one can obtain
i=1

t
that k > 2a3 + > a;. So, from (5.18) we can get, by simplifying, that
i=3

fo > 2a3 Z a;aj + 2 Z a;a;jaj. (5.19)

3<i<j<t 3<i<j<I<t

Therefore
f2>0. (5.20)

t
Recalling that 21 < a9 < a3 <---<ay<n, > z;=nt—kand k > 2, it is

=1
not difficult to see that z; > n — k for all « > 3. So,

i(%‘ —n)*(zi —n+k)>0 (5.21)
1=3

and the equality holds if and only if ; = n for all i > 3. From (5.16), (5.19),
(5.20) and (5.21), we have that f; > 0 and the equality holds if and only if
x; = n for all ¢ > 3. So, (5.15) holds if and only if z; = n for all : > 3. By
Theorem 5.4.1, it follows that H = G. ]

With a proof similar to those of Theorems 5.4.2 and 5.3.3, by Theorem

5.4.1 one can show the following theorem.

Theorem 5.4.3. For any positive integers n > 2k, k > 2 and t > 3, the
complete t-partite graph K(n —k,n —1,n,--- ,n) is x-unique.



The Chromaticity of Complete Multipartite Graphs 119

5.5 The chromaticity of complete multipartite graphs
(1)

In this section, we investigate the chromaticity of complete t-partite graph
K(ni,n2,--- ,ny). Some sufficient conditions for K(ni,na, - ,n:) to be x-
unique are found. Moreover we give a positive answer to Problem 5.1.1.

A class of graphs is said to be chromatically normal , if for any two graphs
H and G in the class we have that H ~ G implies H = G.

Theorem 5.5.1. For a given positive integer t, Ky = {K(ni,na, - ,ng)|n; is

a positive integer for i =1,2,--- t} is chromatically normal.

Proof. Let H,G € Ky and H ~ G, and let H = K(mj,ma,---,m;) and
G = K(n1,na,- -+ ,nt). We prove that H = G.

Note that P(H,\) = P(G, \) ifand only if o (H, x) = o (G, ), i.e., h(H, z) =
h(G, z). From Theorem 2.1.1 and Lemma 5.2.1, we see that

Hh(Kml’$) = Hh(Km,J)) (5.22)

By (5.22), it is sufficient to show that U!_; K,,, = U!_; K,,. We proceed
by induction on t. When t = 1, the theorem obviously holds.

Suppose t = k > 2 and the theorem holds when ¢t < k£ — 1. Without
loss of generality, we assume that m; = maxz{mi,ma,--- ,m;} and ny =
max{ni,ng, - ,n}. By Theorem 3.2.2, 5(K,) < B(Ky,_1), for n > 2. Thus,
we know that the minimum real roots of the left-hand side of equality (5.22)
are (K, ), whereas the minimum real roots of the right-hand side of equality
(5.22) are B(K,,). Hence we have

ﬁ(Kml) = /G(Kn1)7

which implies that ny = m;. Eliminating a factor h(K,,,,z)(= h(Kp,,x))
from both sides of equality (5.22), we have
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By the induction hypothesis, we have
¢ gt
Uiz Kim; = Ujg K,
Hence,
Uﬁ:lez‘ = Uﬁ:lKni;

as required. O

t
Theorem 5.5.2. Let G = K(ny,ng, -+ ,ng) andn =Y, n;. If n>tq(Ty) —
i=1

G) +t+ \/ 1) > cicj<t(ni —nj)?, then G is x-unique.
Proof. Let H be a graph such that H ~ G. Obviously, a(H,t + 1) =
a(G,t + 1). We show that H = G, by comparing the number of (¢ + 1)-
independent partitions of H with that of G.
From Lemma 5.2. 6 we have that there is a graph F' = K(mj,ma, - ,my)

such that Z m; = Z n; = n with the property that there is a set S of s

edges in F such that H F — S and s = q(F) — q(G) > 0. Note that
a1 (H) = a(H, t+1) —a(F, t+1) Clearly, a1 (H) > 0. From the condition
n>tq(The) —tq(G) +t + \/ 1) 31 cicj<i(ni —nj)?, we have

n— \/(t =12 cicj<i(ni = n5)?
: > 4(Tas) ~ (@) +1.
So, from Lemmas 5.2.4 and 5.2.6, it follows that min{m;|i = 1,2,--- [t} >
q(Tnt)—q(G)+1 > s+1and min{n;li = 1,2,--- ,t} > q(Tp+)—q(G)+1 > s+1.
From Lemma 5.2.7, we have s < ay41(H) < 2°—1. Since a(G,t+1)—a(H, t+
H=a(G,t+1)—a(F,t+1) — art+1(H), from Lemma 5.2.3 we have

t ¢
CV(G,t =+ 1) - Q(H,t =+ 1) - Z 2ni71 - Z 2m¢71 - at—i—l(H)'
i=1 i=1
Without loss of generality, we assume that min{n;|i =1,2,--- ,t} = n;. Then

we have

t t
Gyt +1)—a(H,t+1) = om-1 (z gni—m _ 3 2mz‘m) — i1 (H)
=1 =1
2MIM — oy (H),
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where M = Z 2T — Z M
=1
We con81der the followmg cases.

Case 1. M < 0.

So, a(G,t+1)—a(H,t+1) < 0, which contradicts o(G,t+1) = a(H, t+1).
Case 2. M > 0.
Subcase 2.1. min{m;|i =1,2,--- ,t} > n;.

Then, from the definition of M we see that M > 1. Remembering that
n1 > q(Thy) —q(G)+1>s+1and s < a1 (H) <2° — 1, we have

a(Gt+1) —a(H,t+1) =2"""M — 1 (H) > 2° = (2° = 1) > 1,

which also contradicts o(G,t + 1) = a(H,t + 1).
Subcase 2.2. min{m;|i =1,2,--- ,t} < nj.

Let 6 = ny—min{m;|i =1,2,--- ,t}. So, § = max{ni—m;li =1,2,--- /t}.
Then from the definition of M, it is not difficult to see that 2/M > 1. Since

Zmz = Zn, and min{n;|i = 1,2,---,t} = n; as well as min{m;|i =

1 2 t} < ni, it follows that maz{m;|i = 1,2,--- ,t} > n; + 1. Hence,
maac{m,-\z =1,2,--- ,t} —min{m;li =1,2,--- ,t} > 0+ 1. We have

n 2 q(Tne) = q(G) + 1= (q(Tns) — q(F)) + (g(F) — q(G)) + 1.

t
Since Y m; = n, from Lemma 5.2.4 we know

i=1
q(Tht) — q(F) > max{m;li =1,2,--- ,t} —min{m;|i =1,2,--- ,t} — 1> 0.
Remembering that ¢(F) —q(G) = s, we have n; > 0+s+1,ie,s <n;—0—1.
Recalling that 2° M > 1, we obtain

a(G,t+1) —a(H, t+1) 2m=0=190 0N — oy 1 (H)
2n17971 _ (23 _ 1)
2n17071 _ (27117971 _ 1)

L,

AVARAVARLY]

which again contradicts a(G,t+ 1) = o(H,t + 1).
The above contradictions show that we must have M = 0. Then, o(G,t+
1)—a(H,t+1) = —ay41(H). Recalling that a(G,t+1) = a(H, t+1), we have
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arr1(H) = 0. Since 0 < s < ay41(H) = 0, we get s = 0, which implies that
H = K(mi,ma,--- ,my). Since H ~ G, by Theorem 5.5.1 we have H = G. [J

From Theorem 5.5.2, we can get the following result, which gives an explicit

lower bound for the value min{n;|i =1,2,--- ,t}.

Theorem 5.5.3. Let G = K(ni,na,---,ny). If min{n;|i = 1,2,--- ,t} >

(ni—n;)? n \/(t—l) Pi<icj<t(mi—ny)
2t t

2
+ 1, then G is x-unique.
1<i<j<t

t t
Proof. Let n =) n; = Y ;. Then, we can show that
i=1 i=1

t —1)n?
Z wixjgi( )n7

— 2t
1<i<y<t

where equality holds if and only if ¢ divides n and z1 = 290 = -+ = 2 =

+|3

By the definition of T}, ; and the above inequality, we know that

(t — 1)n?
T,;) < ~—=-"—.
Q( n,t) > 2
Since
q(Toy) —q(G) < Fn? —q(G)
t
- %(Zlnl)z - 1<Z‘<tnmj
1= <1<y<
=) P2 e iy
- 2t
— Z (nv_nj)2
1<i<y<t 2

from the condition of the theorem, we get

n > tmin{nili = 1,2, t} > tq(Tns)—tq(G)+t+ [(t—1) > (n;—n )2
1<i<j<t

From Theorem 5.5.2, we know that G is y-unique. O

If one wants to have restrictions on the value |n; — nj|, one can get the

following result, which also answers more than Problem 5.1.1 asked for.



The Chromaticity of Complete Multipartite Graphs 123

Theorem 5.5.4. If |n;—n;| < k and min{ni,ng,--- ,ns} > %—i— : ngl)k—i-l,

then K(ni,ng, -+ ,ng) is x-unique.

Proof. Assume that min{ni,ns,--- ,n;} =n’. Without loss of generality, we
may write
to t1 tk
!/ / / / / /
{nl’n27...’nt}:{n’...’n7n _f_l’...’n _'_1’...’...’” +k,...,n _|_k}

So, we have

(ni —nj)* tit; (i — j)°
2 oot 2 ]T

1<i<j<t 0<i<j<k

k
Since > t; =t, we get
=0

7=

titi(i— 732 _ 5 tit; k+1 k*t? th?
L2 <k < <
Z 2t - Z 2t 2 2t(k +1)2 S

0<i<j<k 0<i<j<k

i.e.,
t2k2
1<i<j<t
From the condition of the theorem and Theorem 5.5.3, the result holds. [
a b c
Take G = K(m,m,--- ,mm+1m+1,--- m+1,m+2,--- ,m+2). Let
n=ma+ (m+1)b+ (m+2)cand t = a+ b+ c. It is verified directly that

q4(Tnt) — ¢(G) = min{a, ¢} <t/2

and

V=D Dcicja(n = ny)? _ VO Dbt aci b _ g

t t

Since t/2 >/t — 1 for t > 2, from Theorem 5.5.2 we have

Theorem 5.5.5. If |n; — nj| = 2 and min{ni,ng, -+ ,n:} > t + 1, then

K(ni,na,--- ,n¢) is x-unique, where t > 2.
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Remarks

In this chapter we focused on the chromaticity of complete multipartite graphs.
By comparing the number of triangles of a complete tripartite graph with that
of its chromatically equivalent graphs, we got a basic theorem, i.e., Theorem
5.3.1. As byproducts of Theorem 5.3.1, we confirmed a conjecture posed in
1990 by Koh and Teo in Graphs and Combinatorics, see Theorem 5.3.2, and
gave a new chromatically unique complete tripartite graph, see Theorem 5.3.3.
In Section 5.4, we obtained three results completely similar to those in Section
5.3. Although Theorem 5.4.1 is similar to Theorem 5.3.1, it is very difficult to
obtain Theorem 5.4.1, by using the same method as used in Theorem 5.3.1.
By using the fact that 5(K,) < B(K,—1), for n > 2, we proved Theorem 5.4.1.
Then, we obtained Theorems 5.4.2 and 5.4.3, by comparing the numbers of
triangles of complete t-partite graphs K(n — k,n,n,--- ,n) and K(n — k,n —
1,n,--+,n) with those of their chromatically equivalent graphs. In Section
5.5, again by using the fact that 5(K,) < B(K,—1), for n > 2, we showed that
if two complete t-partite graphs are chromatically equivalent, then they are
isomorphic, see Theorem 5.5.1. By employing Theorem 5.5.1 and comparing
the number of (¢+1)-independent partitions of a complete t-partite graph with
those of its chromatically equivalent graphs, we gave some sufficient conditions
for complete multipartite graphs to be chromatically unique, see Theorems
5.5.2, 5.5.3 and 5.5.4 . We solved a problem proposed in 1990 by Koh and Teo
in Graphs and Combinatorics, see Theorem 5.5.5. The main results in this
chapter are not used in Chapter 6, whereas the basic lemmas in Section 5.2

will play a role in Chapter 6.



Chapter 6

The Chromaticity of
Multipartite Graphs

6.1 Introduction

In the preceding chapter, we investigated the chromaticity of complete multi-
partite graphs and found many new chromatically unique complete multipar-
tite graphs. A natural generalization is to study the chromaticity of general
multipartite graphs. Recently, Dong, Koh, Teo, Little and Hendy studied the
chromaticity of the bipartite graphs and obtained some remarkable results in
[24, 25, 26]. However, there are only few chromatically unique t-partite graphs
for t > 3.

In this chapter, we study the chromaticity of general multipartite graphs.
Two basic lemmas are given in Section 6.2. In Sections 6.3 and 6.4, we in-
vestigate the chromaticity of the tripartite graphs obtained from a complete
bipartite graph by adding some edges between vertices of one of the partition
sets in the complete bipartite graph and of the tripartite graphs obtained from
a complete tripartite graph by deleting some edges. In the last two sections,
we study the chromaticity of 4-partite graphs and of some t-partite graphs,
where t > 5. Many new results are obtained.

Let S be a set of s edges of G. Denote by G — S (simple by G — s) the
graph obtained from G by deleting all edges in S. Let K(n,m) be a com-

125
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plete bipartite graph with partition sets A; and A; such that |4;] = n and
|A;| = m. For n > m > s+ 1, we denote by K~%1s(4;, A;) the graph ob-
tained by deleting all edges of K ¢ from K(n,m) with center in A; and by
K—K2(A;  A;) the graph obtained by deleting all edges of sK from K (n,m).

Let G = K(n1,n9,---,n¢) be a complete t-partite graph with partition sets
A; such that |A;| = n;, where i = 1,2,--- ,¢t. We denote by Oning.m, the

family {G — S|S C E(G) and |S| = s}. By K(A;, Aj) we denote the sub-
graph of G induced by A; U Aj, where ¢ # j and 4,j = 1,2,---,t. For
min{ni,na,--- ,n} > s+1, we denote by Kiijl’S(nl, ng,- -+ ,n) the graph ob-
tained from K (nq,no,--- ,n¢) by deleting all s edges of K; s from its subgraph
K(A;, Aj) with center in A; and others in A; and by K;J-SK2 (n1,ng, -+ ,ny)
the graph obtained from K(nj,ng,---,n;) by deleting all s edges of sKj
from its subgraph K(A;, A;). Note that K %is(A4;, A;) = K Kus(A; A))

-K -K .
and Ki,j 1’S<n1,n2, s ,nt) = Kj,i 1’S(n1,n2, s ,nt) if ’Az’ = ’A]’

6.2 Some basic results
In this section, we give two important lemmas.

Lemma 6.2.1. (/26]) Let K(ni,n2) be a complete bipartite graph with par-
tition sets A; such that |A;| = n;, for i = 1,2. If min{ny,ne} > s+ 2, then
every K K15 (A;, A;) is x-unique, where i # j and i,j = 1,2.

t
Lemma 6.2.2. Let G = K(ny,ng, -+ ,n) with Y. n; = n and ny < ng <
i=1
- < ng. Suppose that H is a t-partite graph such that H ~ G — s, where
S C E(G) and |S| = s. Then there is a graph F = K(my,ma, - ,my) with
my < mg--- < my, and there is a set S’ of s' edges in F such that H = F —5’,
s'=q(F)—q(G)+s>0 and F and G satisfy the following conditions:
t t
(1) 2omi= ) ni=n;
i=1 i=1
(z’z’) my > n—\/(t—l)ZlSKjStt(ni—nj)2+2t(t—1)s;

(iii) ny > ni\/(til)ZlSi<j§tt(ni*nj)2+2t(t71)s'
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Proof. Since H is a t-partite graph such that H ~ G — s, we have o(H,t) >
a(G,t) = 1 and a(H,r) = 0, for 0 < r < t — 1. Then V(H) has at
least one t-independent partition, say {Ai, Aa, -+, A}, and H is a t-partite
graph. Let |A;| = m;, i = 1,2,--- ,t. Then there is a set S” of s’ edges in
F = K(my,ma,--- ,my) such that H = K(my,mg,---,my) = S' = F — 5.
Remembering that p(H) = p(G — s) and q(H) = ¢(G — s), it follows that
Zt: m; = Xt: n; =n and s = ¢(F) — q(G) + s > 0, which implies that (i) is
true.

(ii) Let z denote the minimum value of m; such that s’ > 0. Then
q(K(z,ma,ms,--- ,my)) — q(G) + s > 0 for some (mz, ms,---,my). Denote
by K(z,y2, -+ ,y:) the complete t-partite graphs with z < yo < ys3--- < y;

t
and |y; —y;| < 1, for i,j = 2,3,--- ,t, where ) y; = n — 2. With an ar-

i=2
gument similar to that of Lemma 5.2.7, we have that ¢(K(z,y2, - ,u)) >
q(K(z,ma,ms, -+ ,my)), for all (ma,ms,---,m;), and that
t—1)(t—2) [n—2z\>
Q(K(’ZayQ""7yt))§’z(n_z)+( )2( )(t—1> .

Since s’ > 0, we have that z satisfies the following inequality

2
)+ (t—1)2(t—2) G:f) —4(G) 45> 0.

By solving the above inequality, we have

n—+/(t—1)((t — 1)n? — 2¢(G)t + 2st) <.
r <

LNt V(=1 ((t — 1)n2 — 2¢(G)t + 2st)
- t

Since ¢(G) = >, mynjand n = ) n;, we have
1<i<j<t i=1

(t—1n®=2¢(G)t= > (ni—ny).

1<i<j<t

So, (ii) holds.
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Taking z = n;, we have

2
Z(n_z>+(t—1)2(t—2) (?:f) —q(G)+s5>5>0.

n*\/(ffl) Pi<icj<e(mi—n;)?+2t(t—1)s
t

Hence, n; > , which implies that (iii) holds.

O

6.3 The chromaticity of tripartite graphs (I)

For n > m > 2, let K(n,m) be a complete bipartite graph with partition sets
A; and As such that |A1] = n and |A3] = m. We denote by K(n,m) + s
the graph obtained by adding s edges between vertices of one of the partition
sets A and As. Denote K(n,n) + s simply by K*5(n,n). In 1990, Teo and
Koh [71] have shown that K(n,m) — 1 is x-unique. They also proposed the

following problem.
Problem 6.3.1. ([71]) Forn > m > 2, study the chromaticity of K (n,m)+1.
We investigate a more general problem.

Problem 6.3.2. Forn > m > 2 and s > 1, study the chromaticity of
K(n,m) +s.

In this section, we obtain all chromatically equivalent classes of K*%(n,n),
when n > s+ 2. A sufficient and necessary condition for K*%(n,n) to be
x-unique is obtained, where n > s + 2. Moreover, we give a partial answer to

the above problems.

Theorem 6.3.1. Forn > s+2 and s > 1, let S be a set of s edges in K, and
let < S > be a bipartite graph. Then [K+(n,n)] = {0, + G|G € [K,, — s]}
and K%(n,n) is x-unique if and only if K, — s is x-unique, where O, + G is
the join graph of O, and G.

Proof. Let Y = K%(n,n). By the condition of the theorem, there is a set
S of s edges in K, such that Y = K(n,n) + s and < S > is a bipartite

graph. Clearly, Y is a tripartite graph. Let Y/ = K,, —s. Then Y = O,, +Y".
Suppose that H ~ Y. It suffices to prove that H =< O,, + H and H' ~ Y.
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By Lemma 6.2.2, there is a graph F' = K(mj,mg,m3) such that H =
F—s and s’ = |[E(F)| — |E(Y)| = mima + mims + mamg — n? — s, where
m1 + ma + m3g = 2n. Without loss of generality, let m; < ms < mg and
S" = {e1,ea, -+ ,es}. We denote by Na(e;) the number of triangles containing
the edge e; in F. Then Na(e;) < mg. So, we have

NA(H) Z NA(F) — S,mg = mimoms — S/mg (6.1)

and equality holds if and only if N4(e;) = mg for each e; € S'.
By Lemma 5.2.5, Ng(Y) = Na(H). Since Na(Y) = ns, by (6.1) the

following inequality must be true.
mimoms — s'ms < ns. (6.2)

Let f(ms3) = mimamg — s'ms — ns. Recalling that s = myms + myms +

mams —n? — s and my + ma = 2n — mg, we obtain by calculation that

f(mg) = mg(mg — n)2 + (77’L3 — n)s. (63)

By (6.3), f(ms) > 0 when ms > n. When ms3 < n, we have, from (6.2),
that
f(m3) = (mz —n)(mi — man + s). (6.4)
Since m1 < mg < mg and mj+ma+ms = 2n, we have that ms > 2n/3 and
2n/3 < ms < n. It is not difficult to see that m% —msn+s < 0whenn > s+2
and ms = 2n/3, or mg = n — 1. Hence, for n > s+2 and 2n/3 <msg <n—1,
we have m% —mgn+ s < 0. In fact, when n > s+ 2 and 2n/3 < m3 < n,
f(mg) > 0 and the equality holds if and only if ms = n. So, (6.2) holds if and
only if mg = n, and my < mg < mg = n. By (6.1), Na(e;) = n for ¢; € 5'.
Suppose that V(F') has a unique 3-independent partition {Vi, Vs, V3} with
|Vi] = my, i = 1,2,3. Then for each edge e; € S, one edge-vertex of e; belongs
to Vi and another edge-vertex of e; belongs to Va (otherwise Na(e;) < n).
Therefore H has a component K,,, so, H = O,, + H'. By Lemma 5.2.1,

o(Y)=0(0n)a(Y'"), o(H)=0(0p)o(H').

Since o(Y) = o(H), we have that o(Y’') = o(H'), ie., Y ~ H'. So,
H >~ O, + H' and H' € [K, — s]. Obviously, H 2 Y if and only if K, — s is
x-unique. This completes the proof of the theorem. O
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Lemma 6.3.1. ([66, 77]) Let G be a connected graph and H = G U rKj.
If r > 1, then H is x-unique if and only if G is a x-unique graph without

cut-vertex.
From Theorem 6.3.1 and Lemma 6.3.1, we have

Theorem 6.3.2. Forn > s+ 2 and s > 1, let S be a set of s edges in K,
and let < S > be a bipartite graph. Then K15(n,n) is x-unique if and only if

< S > is a x-unique graph without cut-vertex.

From [43, 71], we can find the following chromatically unique bipartite
graphs:
(i) [43] For n > 4 and n is even, C,, is y-unique.
(i) [71] For n > m > 2, K(n,m) is x-unique.

By K*C(r,r) we denote the graph obtained by adding all edges of G be-
tween vertices of one of the partition sets in K (r,r). From Lemma 6.2.1 and

Theorem 6.3.1, we have

Corollary 6.3.1. Let G € {K(n,m)|n > m > 2}U{Cy|n > 4 and n is even}.
If r > |E(G)| +2, then K+C(r,r) is x-unique.

Corollary 6.3.2. Forn >3, K(n,n) + 1 is x-unique.

6.4 The chromaticity of tripartite graphs (II)

In this section we study the chromaticity of tripartite graphs obtained from a
complete tripartite graph by deleting some edges.
Let i, k,m be positive integers and 0 < i < k. Set

f(x) = fa1, w9, 23) = |27 + 272 4 273 —om _ gm+i _ gmtk| (6.5)
where x1 + 2o + 3 = 3m + i + k and zp, is a positive integer for h = 1,2, 3.

Theorem 6.4.1. Let f(x) be the function defined by (6.5). Then f(x) > 2™
except for the following cases:

(i) f(x)=0ifx=(m,m+i,m+k);

(ii) f(x) =2""tifx=(m—1,m+1,m+k)andi=0, k> 0.
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Proof. Without loss of generality, let 1 < z9 < 3. We distinguish the

following cases:
Case 1. z3 > m + k + 2. Since 2% > 2mHk+2 — 4 » om+k by (6.5)
f(z1, 20, 23) > 2MTF > om

Case 2. 23 =m+k+ 1. Then 1 + x9 = 2m + i — 1. For 2% > 2m+thk+l —
2 x 2m*F by (6.5),

F(r, 9, m5) = 274 + 292 4 gk _gm _ gt (6.6)
Case 2.1. i =k. So, 1 + 22 =2m+ ¢ — 1. By (6.6),
f(l'l,xg,.%‘g) = ‘2961 + 2%2 — 2m|' (6.7)

For ¢ > 0, we have that xo > m+ 1, or 1 = 29 = m, or x1 = m — 1
and zog = m. So, if x9 > m+ 1, or z1 = x9 = m, by (6.7), f(x1,x9,23) =
|271 4272 — 2™ > 2™ If &1 = m — 1 and z2 = m, from (6.7) we have

f(x1,22,23) = 2™ ! and i = k = 0, which is a special case of (ii).

Case 2.2. i <k —1. From 2"t% > 2 x 2™+ and 1 + 29 = 2m +1i — 1, we
have xo > m. By (6.6), f(z1,x2,x3) > 2™.

Case 3. x3=m+k. Then 1 + x5 = 2m + i. By (6.5),
f(zy, m9, x3) = |20 4272 — 2™ _ 2™, (6.8)
Case 3.1. 79 > m+1i+ 2. So, 272 = 4 x 2™+, By (6.8), f(x1, 72, x3) > 2™.
Case 3.2. z9 =m+ i+ 1. Then z; =m — 1. By (6.8),
f(x1, 20, w3) = |27 4 2mHE _9m,

Fori > 1, f(x1,xg, x3) = |2m~142m+_2m| > 2™ fori = 0, f(x1, x0, 23) =
|2m—1 4 gm+i _9m| = 9m=1 thatis, 2y =m — 1,20 = m+ 1 and 3 = m + k,
which is (ii).

Case 3.3. 2 =m +i. Then x1 = m. So, f(x1,z2,z3) =0.

Case 3.4. o =m+i—1. Clearly x1 = m+ 1. Since x1 < x5, we have i > 2.
By (6.8),

f(xl’x%lig) — |2m+1 + 2m+i—1 _gm _ 2m+i| — ‘2m o 2m+i—1| > om
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Case 3.5. o <m+1i—2. By z; < x9 and (6.8),
f(xy, x9,x3) = |25 4272 — 2™ — 4 x 2MTI=2| 5 om,
Case 4. z3=m+k—1. So, x1 + 22 =2m+i+ 1. By (6.5),
f(x1, 0, w3) = [2%1 4 2%2 — gm _ gm+i _ gmth—1) (6.9)
Case 4.1. zo=23=m+k—1. So,z1 =m+i+2—k. By (6.9),
[z, 20, 23) = |2mFi+2=k _gm _ omti|

For k > 2, f(z1,22,23) > 2™; For k =1 and i = 1, f(x1,x2,23) > 2"; For
k=1land?=0,o0r k=1¢=0, 1 > x2, which contradicts x; < xs.

Case 4.2. 19 <z3-—1.
Clearly, 2m+k=1 = 273 > 2 x 272 By (6.9), f(x1,x2,23) > 2™.

Case 5. 23 <m+k —2. As 2mTF+2 — 4 x 273 we have f(x1, 2, 23) > 2™,

This completes the proof of the theorem. O

The proofs of the following three theorems are typical for the proofs of
further theorems on y-uniqueness in coming sections. For that reason, the

proofs are given in a more elaborate way.

Theorem 6.4.2. Let n; < ne < ng withn =ny +no +ng and s > 1. If
n>%4 3 (ni—n)*+ 23 (ni—mny)?+12s+3s+ 3, then G, 5, 0

1<i<j<3 1<i<j<3
18 x-closed.
Proof. Suppose that Y € G, °,,, .. and Y = G — s, where G = K (n1,n2,n3).
Let H be a graph with H ~ Y. It suffices to prove that H € G, ° .

Note that Y is a tripartite graph. By Lemma 6.2.2, there is a graph
F = K(my,ma,m3) such that H = F — ¢ and s’ = ¢(F) — q(G) + s, where
my < mo < mg. Set

f(:vl,aj2,x3) = |2:v1 4+ 2%2 L 92%3 _ oM _ 9n2 _ 2”3‘.

Note that s
a(G—s5,4)=> 2" =34 (G - s)
=1
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and
3

a(F —§',4) = 22"”*1 — 3+ ay(F —9).
i=1

By Lemma 5.2.5, a(H,4) = a(G — s,4) = a(F — §',4). So,

3 3
a(F —§',4) — a(G —s,4) = ZQmi_l - ZQM_I +ay(F —§') — ay(G — s)
i=1 i=1

B %f(ml,mg,m3)+a4(F—s’)—a4(G—s), if a(F,4) > a(G,4),
| —Lf(mi,me,m3) + au(F — §') — au(G — ), if a(F,4) < (G, 4).

By Theorem 6.4.1,

:0, if (ml,mg,mg) = (nl,ng,ng),
f(my,mg,m3)¢ =2m—1  if (my, mo, mg) = (n1 — 1,n1 + 1,n3) and n; = na,
>2m, otherwise.

Since ¢ > (ni—n;)? > q(T,3) — q(G), by the condition it follows that
1<i<j<3

n— 2 > (ni—n;j)?+12s
1<i<j<t

3

> q(Tn3) —q(G)+s+1.

From Lemmas 5.2.4 and 6.2.2, m; > ¢(T,3) —q(G) + s+ 1> s +2 and
n1 > q(Th3) —q(G) + s+ 1> s+ 2. Thus, by Lemma 5.2.7, we have

and

As in Theorem 6.4.1, we prove that H € G_* by distinguishing the

ni,n2,n3

following cases:

Case 1. (mi,mo,m3) = (n1 — 1,n2 + 1,n3) and n; = na.
Obviously, a(F,4) — a(H,4) = 272, So, we have

aF —5',4) —a(G —5,4) =272 + au(F — ') — au(G — 5).
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Since n; > s+2,0 < s < ay(F—5) <2 —1land0<s <ay(G—s) <2°-1,

we have
a(F —5',4) —a(G—s,4)>2" 2 fou(F —s) —2m72 +1>1,

which contradicts a(F — §',4) = a(G — s,4).

Case 2. (mj,m2,m3) # (n1 — 1,n1 + 1,n3) and n; = ng, or (my, ma, ms) #
(nl, ng,n3).

Note that ny > ¢(Tn,3)—q(G)+5+2 > [(Tn,3)—q(F)]+[q(F)—q(G)+s]+2 >
s’ +2. Since ny > s + 2, from Theorem 6.4.1 we have

a(F —s,4) —a(G—s5,4) > 27l ay(F —5")—au(G—s)
> 24 ay(F—¢)—2°+12>1,

or

a(F —s',4) —a(G —s,4) < —2m7L 4 qu(F —5') — as(G — s)
< =29 42" 1 —ay(G—s) < 1.

This contradicts a(F — s',4) = (G — s,4).
From Cases 1 and 2, (m1, mg, m3) = (n1,ng,n3). Furthermore, F' = G and
s=5".S0, Hec G * O

ni,nz,m3"
Corollary 6.4.1. If j < k and m > % + %\/kz +3s+s+1, then Q;fm+jvn+k
1s x-closed, where s > 1.

Proof. Let ny = myng = m+j and ng = m+ k. For > (n;— nj)2 =
1<i<j<3

G2+ k% + (k — 5)? < 2k%, we have that n > 3m > k% + 2vk2 + 35 + 35+ 3 >

3> (mi—n)*+ 2 Y (ni—mnj)2+125+3s+ 3. By Theorem 6.4.2,
1<i<j<3 1<i<j<t

the result follows. g

Theorem 6.4.2 and Corollary 6.4.1 gave some sufficient conditions for a
to be x-closed. Let min{ni,no,n3} >s+1land H € G, *

ni,n2,n3’

family G, * .
We consider the number of 4-independent partitions of H. Note that o(H,4) =
a(G,4) + ay(H), where a(G,4) = 2m 1 427271 4. 9m3~1 3 and s < ay(H) <

2% — 1. By Lemma 5.2.7, one sees that
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(i) aa(H) = 2° — 1 if and only if all s edges in S share a common end-vertex
and the other end-vertices belong to the same A; for some i, i.e., H is one of
the following graphs:

*Kl,s
Ki,j

(nla na, n3)’ for ¢ 7& Jii,J =1,2,3.
(ii) ag(H) = s if and only if the subgraph induced by any r (r > 2) edges in
S is not a complete multipartite graph. There are many graphs H such that
044(H) = S.

We investigate the chromatic uniqueness of all graphs H with ay(H) =
2% — 1 and of one of the graphs H with ay(H) = s in the following theorems.
Theorem 6.4.3. Letny+ns+nz3=nands>1. Ifn>3 Y (nj—n;)?+
1<i<j<3

2 > (n; —nj)?+125+3s+3, then K;jKI’S (n1,n2,n3) is x-unique, where
1<i<j<3 ’

i#jandi,j=1,2,3.

Proof. Let G = K(ni1,n2,n3). Suppose that F' € {Kiijl's(nl,ng,ng)H #j
and i,7 = 1,2,3} and H ~ F. Now we prove that H = F..
By the condition of the theorem and Theorem 6.4.2,

Heg?®

ni,nz,n3’

Note that a(H,4) = a(G,4)+a4s(H), where a(G, 4) = 2m~-tpon2=1ons=1_3
Since ay(H) = as(F) = 2° — 1, it follows, from Lemma 5.2.7, that

—Ki s . L.
He {Ki,j Y (n1,ne,n3)|i # j, i,5 =1,2,3}.

By Lemma 5.2.5, Ng(H) = Na(F). Therefore we consider the numbers of
triangles of H and F. According to the numbers of triangle of F', we partition
K;]K“ (n1,n2,n3) into three classes:

Type 1:  F € G = {Ky; " (n1,n2,n3), Ky " (n1,n2,n3}, Na(F) =
ningng — Sny;

Type 22 F € Gy = {K;;(I’S(nl,ng,ng),K;lKl’S(nl,ng,ng)}, Ny(F) =
ningn3 — sng;

Type 3:  F € Gy = {K; 4 " (n1,n2,n3), Ky 1 " (n1,n2,13)}, Na(F) =

n1NaNg — SN3.
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It is not hard to see that I, H € Gi UGy UGs. If F € G,, H € Gy, and
a # b, by Na(H) = Na(F), we have n, = ny. Note that if n; = n;, then, for

any | # i, j, we have

K
Ky " (n,mg,ng) = K (n, g, mg),

and

K, (1, n2,ms) = K " (n1,n2,n3).

Hence n, = ny implies that G, = G, and F and H belong to the same set G;,
where i = 1,2, 3.

Without loss of generality, let ' € G and H € G;. For ny = ng,
K;?l’s(nl,ng,ng) = K;?l’s(nl,ng,ng), we need only prove that if ny # ng,
then

P(Ky 3 " (n1,n2,m3), X) # P(K3 5 " (n1,n2,13), \).
Since P(Hy,\) = P(Ha, ) if and only if o(H1,z) = o(Ha, ), for two graphs
H; and Hs, we consider the o-polynomials of F' and H. By Lemma 5.2.1,

U(szfm(m, na,ns), ) = o(K 515 (Ay, A3), 2)o (Kn,, ),

U(K;QKLS(m, ng,n3),x) = o(K 51 (A3, Ay), )0 (Kn,, ).

By the proof of Theorem 6.4.2, one sees that min{ny,ny,n3} > s+ 2. By

Lemma 6.2.1, if ny # ng, we have
—Ki s —Kis
G(K ’ (A27A3)7$) 7& U(K ' (A3,A2),.%’).
So,
—K1S _Kls
U(K2,3 ’ (7117712,713),.'13') #U(K?,,Q ’ (n17n2,n3)7$),

ie.,
_K s _K s
P(Ky3 " (n1,m2,m3), A) # P(Ky 5 " (n1,n2,n3), A).

Hence FF = H and both K;?l‘s(nl,ng,ng) and K?:fl’s(nl,ng,ng) are x-
unique.

Similarly, one can prove cases in which F' € G; and H € G;, i = 2, 3. 0

Similar to the derivation of Corollary 6.4.1, by Theorem 6.4.3, we have
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Corollary 6.4.2. Ifn; <ng <ng, ng—n; =k and n; > % + %\/k:Q + 3s +
s+ 1, then K&Kl’s(nl,ng,ng) is x-unique, where s > 1,1 # j,1,5=1,2,3.

Let G = K(n1,n2,n3) with n; < ng < ng and let A;, Ay and A3 be three
partition sets with |A;| = n;, where i = 1,2,3. We denote by H,*X2 the

ni,n2,n3

graph obtained by deleting all edges of sKs from K(A1, As) in G.

Theorem 6.4.4. Suppose n1 +ng +n3 =mn and s > 1. If ng < ny < n3 and

n>3% > (ni—n;)%+ 2 Y (ni—nj)?+12s+3s+3, then Hgif;m
1<i<j<3 1<i<5<3

18 X -unique.

Proof. Suppose F ~ H- K2 Tt is sufficient to prove that F = HsK2

ni,n2,n3’ ni,n2,n3’

By Theorem 6.4.2, F' € G %, ... Let S = {e1,ez,e3,--, es} and let
Na(e;) denote the number of triangles containing e; in K(ni,ng,ns). Then
Na(e;) < ng. By n1 < mng < nsz, Na(e;) = ng if and only if e; is an edge of

subgraph K(Aj, As). So,

S
NA(F) > ninang — ZNA(ei) > ninang — SN3
i=1
and equality holds if and only if all edges of S are edges of subgraph K (A1, As).
Note that Ng(F) = ningns — sng and ay(F) = a4(H;1f5227n3) = s. From

Lemma 5.2.7, we have F = H K2 O

ni,mn2,n3"

By Theorem 6.4.4, the following is obtained easily.

Corollary 6.4.3. Ifn; <ns <ns, ng—ni1 =k and ny > % + %\/k2 + 3s +

s+1, then H;ﬁ,ﬁ%m s x-unique, where s > 1.

6.5 The chromaticity of 4-partite graphs

With the same method as used in the preceding section, in this section we
investigate the chromaticity of 4-partite graphs obtained from a complete 4-
partite graph by deleting some edges. First we give the lower bounds for the
function g(x), which is defined by
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g(x) = [271 4 272 | 9% | 9va _gm _ gm+i _ gmtj _ gmk) (6.10)

where x = (x1,x9,x3,24), ) is a positive integer for h = 1,2,3,4 and z; +
Tot+x3+xg=4dm+i+j+ k.

Theorem 6.5.1. Let g(x) be the function defined by (6.10). Then g(x) > 2™

except for the following cases:

(i) g(x)=0ifx=(m,m+i,m+jm+k);

(i) g(x) = 2" ifx = (m—k+1,m+2m+k—1,m+k—1) and i =0,
j=1andk > 3;

(iii) g(x) = 2™t ifx = (m—1,m+1,m+jm+k) andi=0, or
x=m—-1m+k—1m+k—1m+k—1)andi=j=k—2and k > 2;

(iv) 2"t < g(x) < 2™ ifx = (m—b,m~+i+1,m+b+i,m+b+i), andi=j
and k =b+ 1+ 1, where b is a positive integer and b > 2.

Proof. Without loss of generality, assume that z1 < zo < 23 < x4. We

distinguish the following cases.

Case 1. z4 > m + k + 3. Since 2%4 > 2m+k+3 — g » 2m+k it is clear from
(6.10) that g(x) > 2m*k > om,

Case 2. zy=m+k+2. So,x1+xo+xz3=3m—+i+j—2.
As z1+xo+x3 = 3m+i+j—2, x5 > m. Clearly, 274 4273 > 4 x 2m+k L om,
Hence, by (6.10), we have g(x) > 2m++ > 2m,

Case 3. x4y =m+k+1. Then, 21 + 29 +23 =3m +i+j — 1.

Subcase 3.1. j = k. From (6.10), it follows that
g(x) = |27 4272 4 2% — 9™ _ omHi), (6.11)

Suppose that x3 > m + i+ 2. From (6.11), it is clear that g(x) > 2.

Suppose that z3 =m+¢+ 1. Then 1 + 22 =2m + j — 2, and so xo > m
or r1 = x2 =m — 1. By (6.11), we have g(x) > 2™.

Suppose that x3 = m +1i. Clearly, 1 +x2 = 2m + 7 — 1. This implies that
xg>m+1lorxy=m-—1, 29 =mand i = j =k = 0. Thus, from (6.11), we
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have g(x) = [2%1 + 272 — 2| > 2™ or g(x) = [2%1 + 272 — 2| = 2™~ and
xy =m—1, xz9 =m, x3 = m and x4 = m + 1, which is a special case of (iii).

Suppose that 3 = m+1i—1. Note that 1 < x9 < x3 =m+i—1. Clearly,
1+ x2 = 2m+ j. By (6.11), it follows immediately that

g(x) = |27 4 2%2 — gm _ gmFi~l|, (6.12)

In (6.12), if 29 = m+4i — 1, then 2y = m+j—i+1 > m+ 1. Thus
g(x) =271 — 2™ > 2™ if z9 < m +1i — 2, then, as z1 < x9 and by (6.12) we
have g(x) > 2™.

Suppose that x5 < m+1i— 2. Note that 1 < x5 < x3 = m+i—2. Clearly,
2m+t > 4 x 2% According to (6.11), it follows immediately that g(x) > 2.

Subcase 3.2. j <k — 1. Since x4 = m + k + 1, by (6.10), we have

g(x) = |27 4 2%2 4 9%3 4 9 gmthk=l _gm _gmti _ gm+j| (6.13)
Recalling that 1 + 22 + 3 = 3m + ¢+ j — 1, we see that z3 > m + 1 or
x3 = x2 = m. Hence, it is easy to see from (6.13) that g(x) > 2.

Case 4. t4s=m+ k. Then 1 + 22 +x3=3m+1i+ j and
g(x) = |2%1 4 2%2 4 2% _ om _ gmFi _ gmj|, (6.14)

By Theorem 6.4.1 and (6.14), we get (i) and part one of (iii) of the theorem.
Case 5. ty=m+k—1. Thenzi+ 20 +23=3m~+1+j5+ 1.
Subcase 5.1. x3 =24 =m-+k—1. Then z1 +x2 =2m+i+j+2— k. From
(6.10), we have

g(x) = |27 4 2%2 —gm _ gm+i _ om+j| (6.15)

We consider (6.15) by distinguishing the following subcases.
Subcase 5.1.1. 29 > m + j + 2. It is clear that g(x) > 2™.

Subcase 5.1.2. 29 = m+j+ 1. Then x1 = m+i+1— k. By (6.15), it
follows that
g(x) = 270 4 2mFT —gm _ omti|, (6.16)
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Subcase 5.1.2.1. Suppose that i = j. From (6.16), we have
g(x) =27 —2™|. (6.17)

In (6.17), if x1 > m + 1, then g(x) > 2™; if x;1 = m, then i = k — 1 and
ro=m+j+1=m+i+1=m+k > x4, which contradicts the assumption
o <xy;ifzy=m—1,theni=j=k—2 andthuszs =23=24=m+k—1

= 2™~ which is part two of (iii); if z1 < m — 2, we see that 2™~ <

and g(x)
g(x) < 2™. Assume that x1 = m—b. Then zo = m+i+1, x3 =24 = m+b+i,
k=b+1i+1 and ¢ = j, where b is a positive integer and b > 2, which implies
(iv).

Subcase 5.1.2.2. Suppose that i = 7 — 1. Clearly, j = ¢+ 1 > 1 and
1 =m+i+1—k. From (6.16), it is not difficult to see that

g(x) = |27 4 2mHi—t _om|, (6.18)

In (6.18), if ¢ > 1, then j > 2, and it follows immediately that g(x) = 2™; if
t=0,thenj=1land s =m+j+1<2x3=m+k—1, thus £k > 3. So,
if i = 0, from (6.18) we have j = 1, k > 3 and 0 < g(x) = 2" F+1 < 2m=2
which is (ii).
Subcase 5.1.2.3. Suppose that i < j—2. Since 2mH7 = 4x2m+i=2 > 4x oM+t
it follows from (6.16) that g(x) > 2™.
Subcase 5.1.3. o = m+j. So, z;1 =m+1i+ 2 — k. From (6.15), it is clear
that

g(x) = |2% —2m — 2mi|, (6.19)
In (6.19), if & > 2, then 7 < m + 4, and so g(x) > 2™; if k£ < 1, then
r1>m~+i+1>x4 =m+k— 1, which contradicts our assumption x; < x4.

Subcase 5.1.4. 29 < m+j — 1. As x1 < x9, from (6.15), it is clear that
g(x) > 2™,

Subcase 5.2. 24y =m+k — 1 and 3 = m + k — 2. From (6.10), we have

g(X) — ’2x1 4+ 212 . 2m . 2m+i o 2m+j _ 2m+k—2|‘ (620)
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Subcase 5.2.1. Suppose that zo = 23 = m+k—2. So, x1 = m+i+j—2k+5 =
m+j—(k—1i)— (k—>5). From (6.20), it follows that

g(x) = |29 — 2m — gm+i _ omti| (6.21)

In (6.21), if & > 5, then m 4+ j > z1, and thus g(x) > 2™; if k¥ < 4, then
1 <z <m+2. So, when 1 < m+1, from (6.21) we have g(x) > 2™; when
x1 = m + 2, we must have that k = 4 and i + j = 5 ( otherwise if k¥ < 3,
then 21 < 9 = m+ 1), which implies that 7 > 3. From (6.21), it is clear that
g(x) > 2™,

Subcase 5.2.2. Suppose that 2o < 23— 1=m+k — 3. As x1 < x9, from
(6.20) we have

g(x) = |27 4272 — gm _ omFi _ gmH _ 9 5 gmHk=3) 5 gm
Subcase 5.3. x4 =m+k—1and 23 < m+k—3. By (6.10), we know that
g(x) = [21 4272 4 278 — 2™ — QM _ 9T _ g 5 gmHRE| S gm,

Case 6. x4 < m+ k — 2. From (6.10), it is not difficult to deduce that
g(x) = [271 4272 4273 4 2T _ gm _ gmHi _ gmAj _ 4 x gmh=2| > gm
This completes the proof of the theorem. O

Theorem 6.5.2. Let G = K(ni,n2,n3,n4) and S C E(G) such that n =
ny+ng+mn3+mng and |S|=s>1. If n > \/BZngjg(ni —nj)? + 24s +
4q(Th4) — 49(G) +4s + 4, then G, ° is x-closed.

ni,n2,n3,n4

Proof. Let G = K(ny,n2,n3,nq) and H € G * Then there exists a

ni,n2,n3,ng "’
subset S of E(G) such that H = G — S. Let Y be a graph such that Y ~ H.
We prove that Y € G ¢

n1,n2,n3,n4 "

By Lemma 6.2.2, there exists a graph F = K(mj, mg, ms,my4) and S’ C

4 4
E(F)suchthat Y = F—S8" |9 =5, s =q(F)—q(G)+sand > n; = > m,.

i=1 i=1
Without loss of generality, assume that ny < ngo < ng < ng and m; < my <

m3 < my. From the condition of the theorem, we have

n— \/3 di<icj<t(ni —mj)? + 24s
4

> q(Tha) — q(G) + s+ 1.
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By Lemmas 5.2.4 and 6.2.2, we have that ny > ¢(T),4) —¢(G)+s+1>s+2
and my > q(Th4) — ¢(G) + s+ 1> s 4+ 2. So, from Lemma 5.2.7, it follows
that

a(H,5) =a(G,5) +a5(H), s<as(H)<2°-1

and
a(Y,5) = a(F,5) +as(Y), s <as(Y)<2” -1

Suppose that ng —n; = 6 and
g(x) = [271 4272 4 978 4 9P+ _gm _gn2 _ 9ns _ gna|,

By Lemma 5.2.5, a(H,5) = a(Y,5). So, by Lemma 5.2.3, we have
4 4
a(Y,5) —a(H,5) = Y 2mi—t — S 2m—l 4 ag(Y) — as(H)
i=1 i=1

B 39(m1,ma,mg,my) +as(Y) —as(H),  if a(F,5) > oG,
—%g(ml,mg,mg,ﬂu) +a5Y) —as(H), if a(F,5) < a(G,

By Theorem 6.5.1, we need only consider the following cases.

Case 1. (my,mg,ms3,my) = (ny,n9,n3,n4). Then FF = G and s = §'; i.e.
Y €6, nsmnsma:
Case 2. (mj,ma2,m3,mg) = (n1 —0+1,n1+2,n +6—1,n; +6—1) and
6> 3.

From Theorem 6.5.1(ii), we have n; = ng, n3 = ny + 1, ng = ny + 6 and
0 > 3. It is not difficult to verify that a(F,5) > a(G,5). Thus, by (6.22) and
Theorem 6.5.1(ii), we have

(Y, 5) —a(H,5) =270 4 a5(Y) — a5 (H). (6.23)

By Lemma 5.2.4, ny > q(Th4) — ¢(G) +s+1> 6 +s;ie, s <ng — 6. Since
s<as(H)<2°—1and 0 < s <a5(Y) < 25 — 1, by (6.23) we have

a(Y,5) —a(H,5) > 2+ a5(Y) —2°+1> 1.

This contradicts a(Y,5) = a(H, 5).

Case 3. (mi1,mg,m3,my) = (n1 — 1,n1 + 1,n3,ny4).
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From part one of Theorem 6.5.1 (iii), it is clear that n; = na, a(F,5) >
a(G,5) and g(m1, ma, m3, my) = 2"1~1. Hence, from (6.22), it follows that

a(Y,5) — a(H,5) = 2"72 4 a5(Y) — as(H). (6.24)

Recalling that ny > s+2, s < a5(H) <2°—1and 0 < s < a5(Y) < 25 1,
we obtain, from (6.24), that

a(Y,5) —a(H,5) >2°+a5(Y) —2°+1 > 1,
which again contradicts a(Y,5) = a(H, 5).

Case 4. (m1,mg,m3,mg) =(n1 —1,n1+60—1,n +60—1,n;+6—1).

By part two of Theorem 6.5.1 (iii), ng = ng = ng—2 and # > 2. In this case,
it is not hard to deduce that a(F, 5) < a(G, 5) and g(my, ma, mg, my) = 2711,
Hence, from (6.22), it follows that

a(Y,5) —a(H,5) = —2"72 + a5(Y) — as(H). (6.25)

Recalling that ¢(F)—q(G)+s = s’ and ¢(T},4) —q(F) > 0—1, by Lemma 5.2.4,
we have ny > q(Tha) —q(G)+s+1=q(Tha) —q(F)+q(F)—q(G)+s+1>
s'4+6 > s'+2. Note that 0 < s < as(H) <2°—1and 0 < ' < a5(Y) < 2% —1.
It thus follows, from (6.25), that

a(Y,5) —a(H,5) < =28 +2° —1 —as(H) < —1,
which again contradicts the fact that o(Y,5) = a(H,5).

Case 5. (m1,mg,m3,mg) =(ny —b,ny+i+1,n1+i+bny +i+b).

By Theorem 6.5.1 (iv), no =n3 =n; +i,ng =ny +b+i+1and b > 2.
So, we deduce that a(F,5) < a(G,5) and g(my, ma, m3, mg) > 2" -1, Hence,
from (6.22), it follows that

a(Y,5) —a(H,5) < —2"72 + a5(Y) — as(H). (6.26)

By Lemma 5.2.4, q(Ty,4) — q(F) > 2b+i—12> 3. As q(F) —q(G) +s = ¢,
n1 > q(Tna) —q(F)+q(F)—q(G)+s+1 > s +2. Note that 0 < s < as(H) <
25 —1and 0 < s’ < a5(Y) <25 — 1. Tt thus follows, from (6.26), that

a(Y,5) —a(H,5) < —2° +2% —1 —as(H) < —1,
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which again contradicts the fact that o(Y,5) = a(H,5).

Case 6. (m1,ma, ms3, my) does not take the values from Case 1 to Case 5.
By Theorem 6.5.1, g(my, ma, mg, my) > 2™, From (6.22), it follows that

aY,5) — a(H,5) > 2" 4 a5(Y) — as(H) (6.27)

or

a(Y,5) —a(H,5) < -2 4 a5(Y) — as(H) (6.28)

As s <n;—2and s’ <n; —2, by (6.27) and (6.28) we have
aY,5) — a(H,5) > 2" fas(Y) —as(H) >2° +as(Y) —2°+1>1
or
a(Y,5) —a(H,5) < =2 4 a5(Y) —as(H) < —2° +2° —1—as(H) < —1.

This contradicts the fact that «(F,5) = a(H,5).
We thus conclude from the above arguments that (mq,mg,ms,my) =
(n1,n2,n3,n4). Clearly, F = G and |S| = |S’|. Hence Y € G, ° as

ni,nz,m3,ng’
required. O
The following lemma follows from the proof of Theorem 5.5.4.

Lemma 6.5.1. Let G = K(ny,ne,ns,ng) with n vertices. Then
T -ai) s 3 Omh
q\in4 q = L ] .
1<i<j<4

From Lemma 6.5.1 and Theorem 6.5.2, the following corollary follows im-

mediately.

Corollary 6.5.1. Let G = K(ni,n2,n3,n4) and s > 1.

)2 3 . i—ni)2+24
(i) If min{ny,na,ng,ng} > 5 Ly v le1<]§44(n WP L s,
1<i<j<4
then Gy, 2 o nang 18 X-closed, where 1,5 =1,2,3,4.
(ii) If m > k?/2 + V/3k% + 65/2 + s + 1, then Grnomimjmik 15 X-closed.
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Theorem 6.5.3. Let G = K (n1,n2,n3,n4) andn = ny+na2+nsg+ng. Suppose

that n1 < ng < ng < ng, s >1andn > \/321§i<j§4(ni—nj)2+243 +

4q(Th4) — 49(G) +4s+ 4. Then

(i) every K;]-Kl’s(nl, ng, N3, ng) is x-unique, for any (i,j) if no+ng # ni+ny,
where i £ j and i,j =1,2,3,4;

(ii) every K&Kl’s(nl,ng,ng,m) is x-unique, for any (i,7) if n1 = ny and

nsy =ny, where it # j and i,j =1,2,3,4;
(i) every K;jKl’s(nl, na,m3,na) is x-unique, for (i,7) € {(1,2),(2,1), (1,3),
(3,1), (2,4), (4,2), (3,4),(4,3)}.

Proof. Denote by X the family {KZ-_JKI’S(m,ng,ng,,m)]i # j and i,j =
1,2,3,4}. Assume that F' € X. Let H be a graph such that H ~ F. It
suffices to prove that H = F'.

By Theorem 6.5.2, H € G, *° Since as5(H) = o(F) = 2° — 1, by

ni,n2,m3,ng’

Lemma 5.2.7 we have H € X. In the following, we consider the numbers of
triangles of H and F. Let M be the number of triangles of K(ni,ns,ns,ny)
and N4(i, 7) the number of triangles in the graph K;]-Kl’s (n1,n2,mn3,n4). Then

the following results can be obtained easily.

(6.29)

Since n1 < no < ng < ny, it is not difficult to see that
ni+nya<ni+n3<ni+ns=ng+n3<no+ns<ns+n (6.30)
or
ny+ng <np+ng<np+ng<ng+mn3g<no+ng <ngtny (6.31)
or

ni+ne<ny+ng<ng+ng<ng+ng <ng+ny <ng+ ng. (6.32)
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We partition the family X into the following classes:

K -K
gl = {Kl,Q b (n17n27n37n4)7K21 " S(n17n27n37n4)}

G = {K1 3 " (n1,n2,m3,m4), Kg 1 % (1, 02,13, 14) },
Gy = {Ky 4" (n1,ma,ma,ma), Koy " (n, ma, g, ma) ),
Gy = {K_K *(n1,n2,ng,ny), K q(n n2,n3,n4)
gs = {KZ Y (ny,mo,ng,na), Ky o °(n1,m2,n3,n4)},
G = {K374 *(n1,n2,n3,Mn4), K47§( *(n1,m2,m3,Mn4)}.
Obviously, X = UY_,G;. Note that if n; = nj, then, for any | # i,j, we
have

—K, -Ki
Ki,l S(n17n27n37n4) = KjJ

*(n1,n2,n3,N4),
and

Ky, (n,mg,na,na) = K50 (01, m2, 3, na).

Since H ~ F, Ny(H) = Na(F). Hence, if there exist two distinct positive
integers a and b such that F' € G, and H € Gy, then by Na(H) = Na(F) and
(6.29)-(6.32), the following results can be shown:

(i) if n1 + ng # n2 + ng, then G, = Gy;

(ii) if n1 4+ ng = na + n3 and ny = ng, then G, = Gp;

(iii) if n1 + ng = n2 + ng and n; # ng, then G, = Gy if and only if a # 3,4
or b# 3,4.

So, by the conditions of (i), (ii) and (iii) of the theorem, it suffices to prove
that ' = H if F and H belong to the same set G,. Without loss of generality,
assume that F' € G; and H € G;. Take ' = K;gl‘s(nl,ng,ng,m). Clearly,
H = K;QKI’S(nl,ng,ng,nQ or H = K;f(l’s(nl,ng,ng,ml). So, we need only
prove that if K;QKI’S(nl,ng,ng,n@ # K;f(l’s(nl,ng,ng,m;), then

—Kis —Ki s
P(Ky 5 " (n1,m2,n3,n4),A) # P(Kyy " (n1, 12,13, n4), A).
_Kl,s _Kl,s
Note that K, 5 (n1,n2,n3,m4) = Ky1 " (n1, 12,113, 114) fOr n1 = ny. By

Lemma 5.2.1, for ny # ns, we have

K

J(Kl_,Q b (nlv n2, ng, ’I”L4), .1‘) = U(K_KLS (Ala A2)a x)J(Kn3,$)J(Kn4, x)

and

-K

U(KQ’1 Y (n1,n2,n3,n4),x) = O'(K_Kl’s(Ag,Al),x)O'(Kns,ﬂf)O'(Kn4,x).
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From the proof of Theorem 6.5.2, we have min{ni,na,n3,ng} > s+ 2. By
Lemma 6.2.1 we know that if ny # ns, then

o(KKis (A1, Ag), ) # o (K K1s(Ay, A)), ).
So,
_Kl s _Kl s
J([(1,2 Y (n17n2>n37n4)>x) #U(KQ,I Y (n1>n27n37n4)7x)7

which implies that
—Kis —Kis
P(Ky 5 " (n1,n2,n3,m4),A) # P(Kyp " (n1,n2,n3,14), A).

K K
Hence H = F and both K, “*(ny,n9,n3,n4) and Ky, Y*(ny,n2,n3,n4) are
X-unique.
. —Ki . . .
Similarly, we can show that K; “*(ny,m2,n3,n4) is x-unique for other

pairs (i, j) satisfying one of the conditions (i), (ii) and (iii) of the theorem. [OJ

From Lemma 6.5.1 and Theorem 6.5.3, we have

Corollary 6.5.2. Let ny <no <ng<ng and s > 1.
)2 gy i—m)2+24
(i) Assume that ny > 1<§4<4 (n; 8m) + \/SZKKJSZ(TL ) +s+ 1. If
<i<y<

ni+ng # notnsg, orny = ng and ng = ny, then every Kiijl’S(nl,ng, ns,ny),
fori#£j andi,j =1,2,3,4, is x-unique.

(ii) Assume that ny > k2/2+\/W/2+8+1 andng—mny = k. If ni+ny #
ng +ng, or n1 = ny and nz = ny, then K&Kl’s(nl,ng,ng, ng), fori#j

and t,7 =1,2,3,4, is x-unique.

Theorem 6.5.4. Let G = K(ny,n2,ng,ng) with ng < ngs < ng < ng and let
s>1. Ifn> \/3 Yr<icjca(ni = n5)% + 24s +4q(Typ4) — 49(G) + 45 + 4, then

Kl_QSK2 (n1,n9,n3,n4) s X-unique, where n = ny + ng + n3 + n4.

Proof. Suppose that H ~ King(nl,nQ,ng,n4). By Theorem 6.5.2 and
Lemma 5.2.7, H € G, ° 1. o 4
of triangles of H. Without loss of generality, assume that S C E(G) and
H=G-S. Let e € S. Denote by N4(e) the number of triangles in G con-
taining the edge e. Then Ny(e) < n3 +nyg. As n; < ng < nz < ng, we know

and as(H) = s. Next we consider the number
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that Na(e) = n3 + ng if and only if e is an edge of the subgraph K (A, As).
So,
NA(H) > NA(G) — 8(77,3 + 7”L4),

where equality holds if and only if e is an edge of the subgraph K(A;, As) in
G. Recalling a5(H) = s, by Lemma 5.2.7 we have H = Ki;KQ (n1,n2,n3,n4).
]

Similarly, from Lemma 6.5.1 and Theorem 6.5.4, we have

Corollary 6.5.3. Suppose that ny < ng <ng <ng and s > 1.
P, . i—n; 2
(Z) If mzn{n17n27n3,n4} > Z (nJ 8n2)2 + \/321S1<ng(n TL]) +24s + s + 1,
1<i<j<4
then Ki;KQ (n1,n2,n3,n4) is x-unique.
(ii) If ny > k2 /24+/3k2 + 65/2+5+1 and ng—ny = k, then Ki‘;KQ(nl, N2, N3, My)

18 X -unique.

6.6 The chromaticity of t-partite graphs

For t > 5, it is very difficult to study the chromaticity of ¢-partite graphs
by using the same procedure as in the former sections. So, in this section,
we investigate the chromaticity of t-partite graphs obtained by deleting some
edges from a complete t-partite graph K(n,n,--- ,n,n+1,n+1,--- ,n+1),
where ¢t > 5.

Let z; be positive integers, for all + = 1,2,--- ,t. First, we give the lower
bounds the function defined as

t

p(x) =Y 27, (6.33)

i=1

t

where Y z;=tin+ta(n+1),t1 > 1and t; +to =t, x = (1,22, ,Ty).
i=1

Lemma 6.6.1. Let x1 = (21,22, - , %4, - ,&j, - , &) and Xg = (z1, 22, -,

xi+1, -, xy— 1, xy). If oy > a; + 2, then

p(x1) — p(x2) > 2572,
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Proof. By (6.33) and z; > z; + 2, we can check this directly. O
Let x' = (xla*va"' yLgy s Lgy e 71"15) and x" = (.Il,CCQ,"‘ , Ti + 1)"'7
zj—1,--+,2). If i < j and x; +2 < z;, then x” is said to be an improvement

of x’. By Lemma 6.6.1, one sees that p(x") > p(x”) if x” is an improvement

of x'. Let II = 12" 4+ t52"*! where t; > 1 and t; + to = t. For convenience,
a

we replace 1, n, - -+ ,n by a x n. For example, K(t; X n,ts X (n+ 1)) denotes
t1 t2
the graph K(n,n,---,nm,n+1,n+1,--- ,n+1)and G=*(t1 X n,ta x (n+1))
t1 t2
denotes the family {K(n,n,--- ,n,n+1,n+1,--- ,n+1)—s|s > 1}.

Theorem 6.6.1. Let ¢(x) be the function defined by (6.33). Then ¢(x) >
I+ 271 except for o(x) =11 if x = (t; x n,ta x n+ 1).

t
Proof. Suppose that x = (z1,29,-- , ;) such that > z; = tin + ta(n + 1)
=1

and t; +to = t. Let x; =x. We construct a sequence Xi,X2,X3,** ,Xm
from x; such that |z]" — x}"] < 1 for any two elements z}" and x;” in X, and
X)41 is an improvement of xy, where x) = (2§ 2k ... 2k ... ,:E?,'-' ,xk)
and k=1,2,--- ,m— 1.
From Lemma 6.6.1, we have that
(%) — p(Xier1) = 2972, (6.34)

for some j.

So, from (6.34), we have that ¢(x) > II and the equality holds if and
only if x = xpy = (n,n,---,n,n+1,n+1,--- ,n+1). Note that x, =
(t1 X n,ta X (n+ 1)) and xpy, is an improvement of Xp—1. S0, X1 must be

one of the following cases.

Case 1. xy—-1=(n—1,(t;1 —2) xn,(t2+ 1) x (n+1)). So,
O(Xm-1) = 2" 4 (1] — 2)2" + (to + 1)2" T =T+ 271,
Case 2. xm-1 = ((t1 +1) x n,(t2 —2) x (n+1)). Then

O(Xm_1) = (t; + 1)2" + (ty — 2)2"TL 4 27 F2 = ] 4 2",
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Case 3. xyp-1=(n—1,(t1 — 1) xn,(ta — 1) x (n+1),n + 2). We have
O(xm_1) = 2"+ (1 — 1)2" 4 (tp — )27 4272 =TT 4 2" 42771,

Let Xy = {xk|Xk+1 is an improvement of xy}, where k = 1,2,--- 'm — 1
and X, = {(t1 x n,t2 x (n+1))}. From (6.34), we have

min{p(xk)|xk € X} > min{o(xk11)|Xk+1 € Xt}

From the above arguments we have that the theorem holds. O

Theorem 6.6.2. Let s > 1, n>2 and t; > 1. If n > s+ 2, then G %(t1 X
n,ty X (n+ 1)) is x-closed.

Proof. Let H € G7%(t; x n,ta X (n + 1)). Then there exists a subset S of
E(K(t1 x n,ta x (n+1))) such that H = K(t; x n,ta x (n + 1)) —S. Let
Y be a graph such that Y ~ H. The definition of y-closed implies that it is
sufficient to prove that Y € G7%(t; X n,t2 X (n+1)).

By Lemma 6.2.2, we know that there exists a graph F' = K (my, ma,- -+ ,my)
and S’ C E(F) such that Y = F — §" and |S'| = ¢, s = q(F) — q(G) + s and

t t
> > n; = > m;. Note that
i=1 i=1

a(H,t+1) =27 —t + a1 (H)

and

t
aYt+1) =271 2™ —t (V).
=1

Without loss of generality, assume that m; < mo < --- < m; and
t
P(x) = 2™ — 1L
i=1
By Lemma 5.2.5, we have that a(H,t+ 1) = a(Y,t +1). So,

(Y, t+1) —a(H,t+1) = 271(x) + a1 (V) — g (H). (6.35)

From Theorem 6.6.1, it suffices to consider the following cases.
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Case 1. (my,ma,---,my) = (t1 X n,ta X (n+1)). Then F' = K(t; X n,ty X
(n+1)) and s =5, ie.,Y € G5(t1 x n,t2 X (n+1)).

Case 2. (mjy,mg, -+ ,my) does not take the values of Case 1.
By Theorem 6.6.1, it is clear that (x) > 2"~!. From (6.35), it follows
that

aY,t+1) —a(H,t+1) > 2" % + a1 (V) — a1 (H). (6.36)

Since n > s+ 2, by Lemma 5.2.7, we have that s < oy y1(H) <2° —1 and
s' < ag41(Y). Thus, by (6.36) we have that

aYt+1) —a(H,t+1) 2% + a1 (Y) — o (H)

>
> 2o (Y)-2°+12>1,

This contradicts a(F,t + 1) = a(H,t + 1).
From the above arguments, we have that Y € G~*(t1 x n,t2 x (n+1))). O

Suppose that K(t; x n,t2 X (n 4+ 1)) has t partition sets A; such that
|A;| =n, for 1 < i <t, and |A;| =n+1, for t1 +1 < i < t. Note that if

n; = nj, then, for any [ # ¢, j, we can see that

K&Kl’s(tl xm,te x (n+1)) = K;lKl’S(tl X n,ty x (n+ 1)),
and
7K1’S *Kl,s
K (o xngte x (n+ 1)) = K7 (e X nyta X (n+ 1)),

So, K;Kl’s(tl X n,ty X (n+ 1)), for i # j and 4,5 = 1,2,--- ,¢, include the

i,
following different graphs: K;]-Kl’s(tl X n,ty x (n+ 1)), for |4;] = [A;| = n,
denoted by HKvts(n,n), K;]-Kl’s(tl xn,ta x (n+1)), for |[A4;| = |4 =n+1,
denoted by H %ts(n 4+ 1,n + 1), K;].Kl’s(tl X n,ta X (n+ 1)), for |A;| =n
and |4;| = n + 1, denoted by H K1s(n,n + 1), K;jKl’s(tl X n,ty X (n+1)),
for |A;] = n+ 1 and |A4;| = n, denoted by H™%ts(n 4+ 1,n). Let H K1s =
{H Bvs(n,n), H K s (n+ 1,n + 1), H K (nyn + 1), H K1 (n + 1,n) ).

Theorem 6.6.3. Let G € H~ 515, If s > 1 andn > s+2, then G is x-unique.
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Proof. Suppose that F € H~51.s and H ~ F. From Theorem 6.6.2,
H e G %ty xn,ta x (n+1)).
Note that cyy1(H) = ay1(F) = 2° — 1. By Lemma 5.2.7, we know that
HeH .

So, we now prove that P(G1,)\) # P(Ga, \) for G1 and Go in H~ K1,

From Lemma 5.2.5, it is obvious that the number of triangles of H is equal
to that of F. Let M be the number of triangles of K (t; X n,t3 x (n+1)) and
Na(i,7) the number of triangles in H~%1s(i, j), where 4,5 = n,n + 1. Then

the following results can be obtained easily.

Na(n,n) =M — s((t; — 2)n + ta(n + 1)),
Na(n+1,n+1)=M — s(tin+ (ta — 2)(n + 1)), (6.37)
Nao(n,n+1)=Na(n+1,n) =M —s((t1 — 1)n+ (t2 — 1)(n + 1)).

By (6.37), we see that Na(H) = Na(F)if and only if H, F € {H 5t (n,n+
1), H%vs(n 4+ 1,n)}. Noticing that

H Xs(nn+1) =K 5s(nn+1)+ K((t1 — 1) xn, (t2 — 1) x (n + 1))
and
H Xus(n1,n) = KK (n41,n) + K((t1 — 1) x n, (ta — 1) x (n+ 1)),
by Lemma 5.2.1 we have that
o(H 5vs(nn+1),2) = o(K K (n,n 4 1), 2)Q(x)

and
O_(H*Kl,s (n + 17n>7m) — U(K*Kl,s(n + l,n),x)Q<$)7

where Q(z) = o(K((t1 — 1) x n, (t2 — 1) X (n+ 1)), ).
Since n > s + 2, it follows, from Lemma 6.2.1, that

(K5t (n,n+1),2) # o(K 5 (n + 1,n), ),
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which implies that
PH K1s(n,n+1),\) # P(H 5ts(n41,n),\).

Hence P(G1,\) # P(Ga, \) for G1 and Gg in H K1, O

Let K(n,n, (t—2)x (n+1)) has t partition sets A; such that |A;| = |As| =n
and [A;|=n+1for3<i<t

Theorem 6.6.4. Let G = K(n,n,(t—2)x (n+1)). Ifs>1andn > s+ 2,
then Kf;KQ (n,n,(t—2) x (n+1)) is x-unique.

Proof. Suppose that H ~ Kf’;KZ(n,n, (t —2) x (n+1)). From Theorem
6.6.2 and Lemma 5.2.7, we have that H € G~ *(n,n,(t —2) x (n + 1)) and
ar+1(H) = s. Next we consider the number of triangles of H. Without loss of
generality, assume that S C E(G) and H = G — S. Let e € S and let N4(e)
be the number of triangles in G containing the edge e. Then one can see that
Na(e) < (t—2)(n+ 1) and that equality holds if and only if each e € S is an
edge of the subgraph K(A;, A2) of G. So,

NA(H) = Na(G) — s(t —2)(n + 1),

where equality holds if and only if each e € S is an edge of the subgraph
K(Aq, As) of G.

Note that No(H) = Na(G) —s(t—2)(n+1) and oy41(H) = s. By Lemma
5.2.7, we know that H = Ki;Kz(n,n, (t—2)x (n+1)). O

Remarks

In this chapter we investigated the chromaticity of general multipartite graphs.
In Section 6.3, we study the chromaticity of the tripartite graphs obtained
from a complete bipartite graph by adding some edges between vertices of
one of the partition sets in the complete bipartite graph. We found all chro-

matic equivalence classes of graphs K%(n,n) and a necessary and sufficient
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condition for K*%(n,n) to be chromatically unique, see Theorems 6.3.1 and
6.3.2, where n > s+ 2 and the subgraphs induced by the s edges are bipartite
graphs. In Sections 6.4, 6.5 and 6.6, by employing the same method, we in-
vestigated the chromaticity of the tripartite graphs obtained from a complete
tripartite graph by deleting some edges, the 4-partite graphs obtained from a
complete 4-partite graph by deleting some edges and the t-partite graphs ob-
tained from the complete t-partite graph K(n,n,--- ,n,n+1,n+1,--- ;n+1)
by deleting some edges, respectively. Some parallel results were obtained.
First, we gave some lower bounds of three similar functions, see Theorems
6.4.1, 6.5.1 and 6.6.1. Then, by using these theorems and comparing the num-
bers of (¢t + 1)-independent partitions of t-partite graph with those of their
corresponding chromatically equivalent graphs, we obtained some sufficient
condition for three classes to be y-closed, see Theorems 6.4.2, 6.5.2 and 6.6.2.
Finally, we studied the chromatic uniqueness of graphs with the maximum
number of (¢ + 1)-independent partitions or with the minimum number of
(t+1)-independent partitions in these three classes and found some chromati-
cally unique graphs, see Theorems 6.4.3, 6.4.4, 6.5.3, 6.5.4, 6.6.3 and 6.6.4, by
considering the number of triangles of a graph and those of its chromatically
equivalent graphs. However, it is difficult to get new results on chromaticity

of multipartite graphs, by applying the above method.
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Notation

V(G): vertex set of G

E(G): edge set of G

p(G): the number of vertices of G

q(G): the number of edges of G

G- complement of G

Ng(v): the set of vertices of G adjacent to v
dg(v) or d(v): the degree of vertex v

Ng(e): Ng(v1) U Ng(v2) — {vi,v2}, where e = vjvg
da(e): [Ne(e)|

Na(G): the number of triangles of G

n(G): the edge density of G

P(G,\): chromatic polynomial of G

o(G,z) or o(G): o-polynomial of G

h(G,x) or h(G): adjoint polynomial of G

t(G): the lowest term of h(G, )

(G): the degree of t(G)

hi(G,z) or hi(G) : polynomial with a nonzero constant term such that
h(G, x) = 2"9hy (G, x)

f(G,z): characteristic polynomial of G

p(G): the maximum roots of f(G,x)

B(G): the minimum real roots of h(G, x)

a(GLk): the number of k-independent partitions of G
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164 Notation

Py path with n vertices, P = {P,|n > 2}

Ch: cycle with n vertices, C = {Cy|n > 3}

Kipn-1: star with n vertices

K,: complete graph with n vertices

Oy: K,

K(ni,n2,--- ,n¢): complete t-partite graph

G- S: the graph obtained by deleting all edges in S from G

G+S: the graph obtained by adding all edges in S to G
that are not already present

ar-(G = S): a(G - S,r)—a(G,r)

For two graphs G and H,
G = H: (G isisomorphic to H
G=H: G=H
G~H: P(G,\)=P(H,\)
G~p H: h(G,z)=h(H, )
[G]: {H|H ~ G}
(Gl {H|H ~, G}
GUH: the disjoint union of G and H
G+ H:  the join graph of G and H

For two polynomials f(z) and g(x) in z,
(f(x),g(xz)): the greatest common factor of f(z) and g(x)
g(@)[f(x):  g(z) divides f(z)
g(z) ff(x): g(x) does not divide f(x)
Of (z): the degree of f(z).

For a real number a,
la]: the largest integer smaller than or equal to a

[a]: the smallest integer larger than or equal to a

For two sets A and B,
A\B: the set obtained from A by deleting the elements in B.



G+ H, 23,107
G+9,22

G — S, 22,106, 125
G — s, 106
GUH,?2

G~H,5

G~y H,5

G.(Py), 7, 31
Gw(Pp), 31

K(A;, Aj), 22
K(ni,ng, - ,ng), 19
K*5(n,n), 128
KEus(A;, Ay, 126
K—sK2(4;, A;), 126
Ky, 2

K, - E(G), 2

K, 114

K (na,ma, - o), 22, 126
K552 (ny ng, -+ ny), 22, 126

NA(G), 2
P(G,\), 3
P,(a,b), 56
Qap,es 10
T-shaped trees, 85
Tope, 8

T, 107

Uy, 6

V(G), 2

Vi, 45
W(a,b,c), 56
Zn, 45

[G], 79

(G, 79

a (G - S), 107
B(G), 9, 41
x-closed, 5
Xx-equivalent, 5
x-unique, 5
(G), 13

n(G), 60

G, 2

p(G), 42

o-polynomial, 3
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o-real, 11
o-unreal, 11, 60
T-polynomial, 3
d(v), 2
dg(e), 2
f(G,x), 42
h-real, 60
h-unreal, 60
h(G), 30
h(G,x), 29
hi(G), 30
p(G), 2
a(G), 2

C, 2
Gntngee mys 22
P, 2

7,9

Uu,9

adjacent, 37

adjoint closure, 15, 79

adjoint polynomial, 4, 29
adjointly closed, 5, 80

adjointly equivalent, 5, 79
adjointly equivalent transform, 80

adjointly unique, 5

character, 16, 66
chromatic number, 3
chromatic polynomial, 3
chromatically equivalent, 5
chromatically normal, 119
chromatically unique, 5

chromaticity, 1

Index

comparability graph, 9
complement, 2

complete t-partite graph, 107
complete graph, 2

cycle, 2

edge set, 2
edge-density, 11, 60

ideal subgraph, 4, 29
independent partitions, 3
internal path, 43
invariant, 90

invariant R (G), 16, 66
invariant Ry(G), 90
invariant R3(G), 18, 99
irreducible graph, 13

minimum edge-density, 11

minimum real root, 41

P-real, 11
P-unreal, 11
path, 2

path tree, 44

splitting vertex, 37
star, 2

Stirling number, 107

uniquely x(G)—colorable graph, 8
uniquely colorable graph, 37

unreal root, 41

vertex coloring, 3
vertex set, 2

vertex splitting graph, 37



Summary

In this thesis, our main aim is to study the algebraic properties of adjoint
polynomials and the chromaticity of some classes of graphs. In the first part,
Chapters 2 and 3, we concentrate on algebraic properties and roots of adjoint
polynomials. In the second part, Chapters 4, 5 and 6, by applying the results
of the first part we investigate the chromaticity of some classes of graphs,
including dense graphs, complete multipartite graphs and general multipartite
graphs.

In Chapter 1 we introduce some basic definitions and terminology and give
an overview of our main results, together with some connections with older
results.

In Chapter 2 we investigate the recursive relations and divisibility of ad-
joint polynomials of some families of graphs. As an application of the recursive
relations of adjoint polynomials, some new uniquely colorable graphs are ob-
tained.

By using the results of Chapter 2, in Chapter 3 we study the minimum real
roots of adjoint polynomials and determine some classes of graph with complex
roots. We first give some basic equalities and inequalities on the minimum real
roots of adjoint polynomials of some graphs. Then all connected graphs such
that the minimum real roots of their adjoint polynomial belong to the interval
[—4, 0] and to the interval [—(2+1/5), —4) are determined. In the last section of
this chapter, we give a way to construct graphs such that their o-polynomials
have at least one complex root. Moreover we solve a problem posed in 1994
by Brenti, Royle and Wagner in Canadian Journal of Mathematics.

Our main goal in Chapter 4 is to study the chromaticity of some dense

graphs, by using results in the Chapters 2 and 3. We establish a necessary
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168 Summary

and sufficient condition of chromatic uniqueness of a dense graph such that its
minimum degree is greater than or equal to the number of vertices minus 3. A
necessary and sufficient condition for two graphs H and G with the minimum
real roots greater than or equal to —4 to be adjointly equivalent is obtained,
too. Two conjectures proposed in 2002 by Dong, Teo, Little and Hendy in
Discrete Mathematics are solved. In the last three sections of this chapter, we
obtain new results on the adjointly uniqueness of graphs.

In Chapter 5 we turn our attention to the chromaticity of complete mul-
tipartite graphs. First, by using some results of the minimum real roots
of adjoint polynomials we show that the complete ¢-partite graph K(n —
k,n,n,---,n) is x-unique, for all &k > 2, n > k+ 2 and ¢ > 3. Then we
give some sufficient conditions for complete multipartite graphs to be chro-
matically unique. Furthermore we solve a conjecture and a problem proposed
in 1990 by Koh and Teo in Graphs and Combinatorics.

As a natural generalization of Chapter 5, in the last chapter we study the
chromaticity of general multipartite graphs. We investigate the chromaticity of
the tripartite graphs obtained from a complete bipartite graph by adding some
edges between vertices of one of the partition sets in the complete bipartite
graph and of the tripartite graphs obtained from a complete tripartite graph
by deleting some edges. In the last two sections, we study the chromaticity of
4-partite graphs and of some t-partite graphs, where ¢t > 5, and obtain some

new results.
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